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THE GROWTH RATE OF VAPOUR BUBBLES IN 

SUPERHEATED PURE LIQUIDS AND BINARY 

MIXTURES 

PART I: THEORY 

S. J. D. VAN STRALENt 

Heat Transfer Section, Technological University, Eindhoven, The Netherlands 

(Received 5 September 1967) 

Ahstraet-A survey is given of the theories concerning spherically symmetric growth of free bubbles in 
initially uniformly superheated pure liquids. The physical basis of the BognjakoviC model is developed 
from experiments by Jakob and Fritz, giving the temperature distribution in boiling liquids, and by 
Heidrich and Prtlger, showing that thermodynamic equilibrium exists at the vapour-liquid interface 
during stationary evaporation of superheated liquids without ebullition. 

According to Forster and Zuber. and Plesset and Zwick, bubble growth in a superheated pure liquid 
following from Rayleigh’s dynamic equation of isothermal motion [R z (2Ap/3pt)*t for an expanding 
spherical cavity with a constant excess pressure Ap] is slowed down by heat diffusion towards the bubble 
boundary to satisfy the latent heat requirement of evaporation. For asymptotic growth (R, 1 C,,$B,t’), 
bubble dynamics and the inlluence of viscosity and surface tension are neglible since Ap + 0 as t -+ co 
(isobaric growth). Thermodynamic equilibrium at the bubble boundary follows from the extended Rayleigh 
equation in accordance with Prliger’s results. 

In superheated binary mixtures, bubble growth is further decreased due to the analogous mass diffusion 
of the more volatile component according to van Wijk, Vos and van Stralen, Striven, Bruijn, van Stralen 
and Skinner and Bankoff. Van Stralen’s modification shows the physical equivalence of the various 
theories. The dew temperature of the vapour is increased with an amount AT with respect to the boiling 
temperature of the original liquid. As a consequence, the occurrence of a minimal bubble growth rate 
(corresponding with a maximal AT/G,,) is predicted at a certain low concentration of the more volatile 
component. This leads to the “broiling paradox”, which can be explained by van Stralen’s “relaxation 

microlayer” theory. 

NOMENCLATURE 

a, = k/p,c, liquid thermal diffusivity [m’/s] ; 

4, horizontal semiaxis of ellipsoidal vapour bubble [m] ; 

a2, vertical semiaxis of ellipsoidal vapour bubble [m] ; 

A, area of vapour-liquid interface [m’] ; 

AW area of surface of platinum heating wire [m’] ; 

47 = 2(p21/p,c)f13 exp (/I2 + 2.$S2), constant of integration [degC] ; 

A,, = ~(P~VP&~ exp P2, constant of integration [degC] ; 

A(t), amplitude of bubble vibrations [m] ; 

b, dimensionless bubble growth parameter during adherence; 

&V = 2a/p,RoA8,, coefficient in extended Rayleigh equation [m’/s’ degC] ; 

B2, = (2a/plR$*, coefficient [l/s]; 

B3, E ~/ICK, dimensionless constant ; 

C, liquid specific heat at constant pressure [J/kg degC] ; 
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= C,/AOo, bubble growth constant for relatively large liquid superheatings 
[m/s* degC] ; 

= C,/(A&,) , ’ 5o bubble growth constant for very small liquid superheatings 

[m/s+ (degCP] ; 
= C2/(A80)o’75, bubble growth constant for moderate liquid superheatings 

[m/s* (degC)*] ; 
= R/t+., bubble growth factor [m/s*] ; 
thickness of thermal liquid boundary layer, or of disturbed region (in nucleate 
boiling) at liquid-level surface [m] ; 
thickness of conduction layer surrounding bubble boundary [m] ; 
mass diffusivity of more volatile component in less volatile component [m’/s]; 
diameter of heating wire [m] ; 
effective potential drop across platinum heating wire [V] ; 
= (0; - o*)t-, viscous damping coefficient for bubble oscillations [l/s] ; 
vaporized mass diffusion fraction for individual bubble ; 
vaporized heat diffusion fraction for individual bubble ; 
= qb/A8, = coefficient of heat transfer to free or released vapour bubble [W/m* 

degcl ; 
effective electrical current strength through platinum heating wire [A] ; 
= (p,c/p,Z)AB,, dimensionless Jakob number for pure liquids; 
= (p,c/p21) AZ = (C,,,/C,.,) Ja, dimensionless modified Jakob number for 
binary mixtures ; 
liquid thermal conductivity [ W/m degC] ; 
= y/x, equilibrium constant of more volatile component in binary mixture 
(ratio of mass fractions) ; 
latent heat of vaporization [J/kg] ; 
length of heating wire [m] ; 
parameter for modes of vibration, m = 2 for fundamental harmonic ; 
exponent of AtI in bubble growth equation for moderate liquid superheatings, 
0.50 < n d 1.00; 
= exponent of time in bubble growth equation R N t”*; 
= (R/Ro)3, dimensionless variable replacing R ; 
= dpldu; 
= p,(T) = p,(T + AOo) - 2a/Ro, ambient pressure, or liquid pressure at great 
distance from bubble [kg/m s’] ; 
saturated vapour pressure [kg/m s’] ; 
saturated vapour pressure at boiling temperature T [kg/m s”] ; _ 

P,(T + Aeo), = p,(T,,) = p,( To), initial vapour pressure in equilibrium bubble [kg/m sL] ; 
p,(T + A8,) - (2a/R,), initial pressure in liquid at boundary of equilibrium bubble [kg/m s’] ; 

P,( TR), instantaneous saturated vapour pressure in bubble [kg/m s*] ; 

~00, = p&T,) - (2a/R), instantaneous pressure on liquid side of bubble boundary 
[kg/m s’]; 

P(R) - PO, = Ap - 20/R = (2a/R,AB,)ATR + (2a/Ro)(l - R,/R) = instantaneous driving 
pressure difference, or instantaneous pressure difference between liquid at bubble 
boundary and at great distance from bubble [kg/m s*] ; 

440, =p(R) - HP, +20/R =p,(T,)-P, =p,(T,J--p,(T)= @*l/T) ATAt), instantan- 
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eous difference in pressure on vapour side of bubble boundary and in liquid at 
great distance from bubble ; Ap(t) + 0 as t --) cc, [kg/m s’] ; 
rate of heat flow through unit area of surface, or heat flux density [W/m’] ; 
strength per unit volume and time of constant heat source starting initial growth 
from equilibrium bubble [kg/ms3] : 
distance to bubble centre [m] ; 
instantaneous (equivalent) bubble radius [m] ; 
= dR/dt, instantaneous radial velocity of bubble boundary, or bubble growth 
rate [m/s] ; 
= d2R/dt2, instantaneous radial acceleration of bubble boundary [m/s21 ; 
= R(0) = 2aT/p,lAB,, equilibrium radius of bubble in liquid of uniform super- 
heating Aeo, R, = 2oT/p2100 at superheating e. of heating surface [m] ; 
= R(t,), bubble radius at the instant tl of breaking away from heating surface 
(exception : Fig. 2 of Part I) [m] ; 

= r/2(at)*, dimensionless variable relating distance to penetration depth for 
heat conduction ; 
time elapsed since initial formation of bubble [s] ; 
instant, at which bubble is breaking away from heating surface [s] ; 
= zlt, time of moving instantaneous heat sink at distance R(t’) from bubble 
centre [s] ; 
absolute boiling point, or saturation temperature at ambient pressure p. [KJ; 
absolute temperature [“K] ; 
= T + Aeo, initially uniform temperature of superheated liquid; To = T(x,) + 
AOo in binary liquid mixture PK] ; 
= T(R, t), instantaneous absolute temperature at bubble boundary, or instan- 
taneous uniform temperature of vapour in bubble; TR + T as t + co [“K] ; 
= TR - T, instantaneous superheating of liquid at bubble boundary, and of 
vapour in bubble ; ATR + 0 as r + L~l [degC] ; 
= ATR - A8, = -(To - TR), instantaneous temperature difference between 
liquid at bubble boundary and at great distance; AT: < 0, AT, + - 88, as 
t 3 co [degC] ; 
absolute boiling temperature of liquid at bubble boundary in binary liquid 
mixture [“K] ; 
absolute boiling temperature of original liquid in binary liquid mixture, or boiling 
point of bulk liquid in mixture [“K] ; 
= T(x), absolute dew temperature of saturated vapour in binary mixture [“K] ; 
= T(x) - T(x,) = T(y) - T(x,), temperature difference between dew tempera- 
ture of vapour in bubbles and boiling temperature of bulk liquid in binary mix- 
ture, or increase in temperature of liquid at bubble boundary with respect to 
original liquid; AT = 0 for pure liquids and for azeotropic mixture [degC] ; 

= @32/R:) / R4(4 dzg, d imensionless variable replacing t ; 

= v(r, t) = E(R2/r2)R, instantaneous liquid velocity at distance r > R from 
bubble centre [m/s] ; 

E& 

L/s1 ; 

instantaneous velocity of liquid immediately adjacent to bubble boundary 

D 
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equivalent bubble volume [m3] ; 
= x0/{ 1 + (K - l)G,}, mass fraction of more volatile component in liquid at 
bubble boundary in binary liquid mixture ; 
instantaneous mass fraction of more volatile component in liquid at bubble 
boundary in binary liquid mixture; 
mass fraction of more volatile component in originally homogeneous liquid or 
bulk liquid in binary mixture; 
= Kx, mass fraction of more volatile component in vapour of binary mixture ; 
integration variables. 

Greek symbols 

;: 
s, 

Eo, 

El, 

A&, 

% 
8 03 

A003 

K, 

@, 
WE, px 

Q4 

evaporation rate per unit area [kg/m2 s] ; 
= R/2(@ = C,/2ai, dimensionless bubble growth coefficient ; 
= 1 -. p2/pI, constant, taking effect of radial convection on bubble growth into 
account ; 
elevation of boiling point in bulk liquid in binary mixture with nonvolatile 
component [degC] ; 
elevation of boiling point in liquid at bubble boundary in binary mixture with 
nonvolatile component [degC] ; 

- eo, increase in boiling point at bubble boundary with respect to original 
lTqE:d in binary mixture with nonvolatile component [degC] ; 
liquid dynamic viscosity [kg/m s] ; 
= T, - T, temperature difference between heating surface and the bulk of boiling 
liquid, or superheating of platinum wire [degC] ; 
initially uniform liquid superheating above saturation temperature, or liquid 
superheating at great distance from bubble, or superheating of bulk liquid [degC] ; 
= (B,p21/3B2kRoXa/7cB2)a, dimensionless coefficient in transformed extended 
Rayleigh equation ; 
= (a/D)+., dimensionless constant relating heat and mass diffusion; 
= q/pl, liquid kinematic viscosity [m’/s] ; 
= z,/u, substitution factor for transformation of integral in bubble growth equa- 
tion ; 
liquid density [kg/m31 ; 
saturated vapour density [kg/m31 ; 
surface tension constant [kg/s21 ; 
period of damped bubble oscillations [s] ; 
period of corresponding undamped bubble oscillations [s] ; 
= AOo - AT, “effective” liquid superheating for bubble growth in binary mixture 
[degC], AZ = ABo for pure liquids and for azeotropic mixture, AZ = AdO - As 
for mixture with nonvolatile component [degC] ; 
rate of heat flow [W] ; 
= (p1c/p2Z) AZ, dimensionless heat diffusion function for binary liquid mixture, 
denoted by &s, 8) in [22] ; 
= pl(xo - x)/p2(y - x) = (p1/p2)Gd, dimensionless mass diffusion function for 
binary liquid mixture, denoted by d.s, ,L@) in 1223 ; 
angular frequency of damped bubble oscillations [l/s] ; 
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WOV angular frequency of corresponding undamped bubble oscillations [l/s]. 

Subscripts 
b, 
d, 
h, 
m, 
max, 
P, 
W, 

value for individual bubble; 
value for mass diffusion; 
value for heat diffusion; 
value in binary mixture; 
value for peak flux conditions ; 

value in less volatile component (omitted in Section 1 of Part I) ; 
value for heating surface. 

Numerical values for water at atmospheric boiling point 

a, = 16.9 x lop8 m2/s; 

c, = 4216 J/kg degC; 
c l,P, = 22 x 10V4 m/s* degC (Forster-Zuber); 

24 x 10e4 m/s* degC (Plesset-Zwick and Striven for relatively large ABo); 
32 x 10V4 m/s* degC (&riven and van Stralen, experimental, for small Aeo = 
0.11 - 0.36 degC); 

Ja, = 2.995 Aeo ; 

k = 0.6825 W/m degC; 

1, = 22.56 x 10’ J/kg; 

i!O. 

= 3.3 x 10-5/A00m; 
= 1220 cz; 

c, = 0.9994 ; 

Ply = 958.4 kg/m3 ; 

P2, = 0.598 kg/m3; 

PZVP,C~ = 0.3339 degC ; 

0, = 0.0587 kg/s2. 

Numerical values for water-methylethylketone (x0 = 4.1 x 10e2) at atmospheric boiling point 
(362°K) 

C l,m7 

v, 
0, 

= 6 x 10-4m/s*degC; 
= 3.3 x low7 m2/s; 
= OG414 kg/s2. 

Numerical values fo? water-l-butanol (x0 = 1.5 x low2 and 6.0 x 10m2) at atmospheric boiling 
point (average value : 370°K) 

C l.m, = 18 x 10e4 m/s* degC at At), = 0.14 degC for x0 = 1.5 x 10e2; 
21 x 10e4 m/s* degC at de0 = 0.31 degC for x0 = 6-O x 10p2; 

D, = 9.9 x 10-l’ m2/s for 1-butanol in water; 

CL, = 13.1 for 1 -butanol in water. 

Numerical values for ethanol at atmospheric boiling point (351°K) 
C 

l.P, = 8 x 10V4 m/s* degC (Forster-Zuber); 
9 x 10e4 m/s* degC (Plesset-Zwick, Striven). 
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1. PURE LIQUIDS 

1.1. Introduction 
In 1930 BOCSNJAKOVIC [l-4] calculated the heat 
flux density to a growing spherical vapour 
bubble ascending in a boiling pure liquid on 
account of the following hypotheses : 

0) 

(ii) 

(iii) 

The required latent heat of vaporization is 
supplied to the bubble boundary as a 
consequence of a slight superheating of the 
entire bulk liquid. 
After a short initial stage, a vapour bubble 
is surrounded continuously by a thin 
boundary layer, through which heat trans- 
mission is due to conduction only. 
Thermodynamic equilibrium is assumed at 
the bubble boundary. 

The importance of hydrodynamics for bubble 
growth is thus neglected. Strictly speaking, this 
applies only to the asymptotic behaviour (cf. 
Sections 1.6-1.9). Anyhow, more exact recent 
theories have the same physical background. 

I .2. The superheating of the bulk of a boiling liquid 
1.2.1. Heat transfer with evaporation at the 

heating surface (region of nucleate boiling of a 
boiling curve). BoSnjakoviC’s first hypothesis is 
justified by results of experiments carried out 
by Jakob and Fritz [Z-5] for water boiling at 
atmospheric pressure. A boundary layer adher- 
ing to the metal heating plate was superheated 
considerably, and the entire remaining mass of 
liquid was superheated uniformly to approxi- 
mately A&, = 0.4 degC for a smooth surface and 
to A&, = 0.2 degC, for a rough surface (Fig. l), 
which shows a larger number of active nuclei 
generating vapour bubbles. The dew point of 
the vapour, which is developed at the water-level 
surface, equals the saturation temperature at 
the ambient pressure. 

The superheating A&, of the bulk liquid is 
independent of the heat flux density of the 
electrically heated bottom plate of the boiling 
vessel, at least for moderate values (Fig. 1). 

1.2.2. Heat transfer without evaporation at the 

heating surface (convection region of a boiling 
curve). Heidrich [6] and Prtiger [7] measured 
the temperature (in the absence of vapour 
bubbles) of superheated boiling water, and of 
water and carbontetrachloride, respectively. A 
glass boiling vessel was isolated thermally in 

J 
0 L 8 12 16 

distance to heated bottom plate km1 

FIG. 1. Water. Temperature distribution above horizontal 
heating surface in water boiling approximately at atmos- 
pheric pressure (region of nucleate boiling), according to 
Jakob and Fritz A& denotes the superheating of bulk 
liquid and d the thickness of the region disturbed by vapour 
bubbles at the water-level surface. 

A&, is uniform with exception of a boundary layer 
adhering to the heated bottom plate. 

A&, and eO (superheating of bottom plate) decrease at 
constant ql. with increasing roughness of heating surface 
(cf. 2 and 3) as the density of active nuclei generating vapour 
bubbles increases more rapidly. 

AtI, is approximately independent of qW for moderate 
values in the region of nucleate boiling (cf. 1 and 2). The 
dew temperature of vapour is the saturation temperature at 

ambient pressure. 
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order to minimize heat losses to the sur- 
roundings. 

(i) 

The liquid was superheated above the atmo- 
spheric boiling point by means of a (relatively (ii) 
small) heat flux density in the region of con- 
vection, i.e. without generation of vapour 
bubbles. Consequently, the temperature in the 
undisturbed boundary layer at the liquid-level 
surface could also be determined now. The heat 
flux density was calculated from the observed 
evaporation rate. Prtiger measured the tempera- 
ture drop in the liquid boundary layer at the 
liquid-level surface by means of a very small 
thermocouple (thickness of the wires 3 x 10m5 
m, of the horizontal hot junction 4 x lo- 5 m). 

The results of this investigation are (Fig. 2) : 

Liquid and vapour temperatures are ap- 
proximately uniform with the exception of 
the liquid boundary layer. 
The superheating in this boundary layer 
increases linearly with the distance to the 
liquid-level surface, whence heat trans- 
mission occurs by conduction only Cjustiti- 
cation of BoSnjakoviC’s second hypothesis). 
This is analogous to the temperature drop 
in the equivalent conduction layer at the 
heating surface. 

The thickness of the boundary layer 
amounts to ci = 3.2 x 10e4 m for carbon- 
tetrachloride at an evaporation rate per 
unit area of surface a = 8.2 x 10V3 kg/m2 s 
(corresponding with a heat flux density of 

L, I I I I I 

I I Carbo$etrachlari;le 
I 

vapour liquid 

1 

I 

-& -0.04 0 WI4 008 0.12 

dmtance to liquid level surface km) 

FIG. 2 Carbontemchloride. Vaporization at atmospheric pressure without 
vapour formation at heating surface (region of convection of a boiling curve), 
according to Prtiger. 

The evaporation rate at the liquid-level surface amounts to 8.2 x 10-j 
kg/m%. The temperature distribution in the liquid boundary layer is linear 
and is hence due to heat transmission by conduction only. Thermodynamic 
equilibrium occurs at the liquid-vapour interface. 

The dew point of vapour is the saturation temperature, the liquid is super- 
heated, vapow and liquid temperatures outside the liquid boundary layer 

are uniform. 
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(iii) 

1.85 x lo4 W/m2); A = 6.6 x IO-” m for 
water at c( = 20 x 10e3 kg:m’ s (0.46 x 
lo4 W/m2). 
A practically negligible temperature jump 
occurs at the liquid-vapour boundary, viz. 
of 10-j degC for carbontetrachloride and 
of 4 x 10d2 degC for water (justification of 
BoSnjakoviC’s third hypothesis). 

Apparently, this small temperature jump, 
which is connected to the condensation 
coefficient in the kinetic theory, suffices to 
maintain the vaporization process. This co- 
efficient is of the order of magnitude of lo- ’ 
for water and approaches the value 1 for 
nonpolar liquids as carbontetrachloride. 

1.3. The BoSnjakovic’ theory 
Evaporation at the liquid-vapour interface 

occurs on account of supply of heat from the 
superheated liquid by conduction through the 
boundary layer, i.e. the heat flux density equals : 

(1) 

One calculates from equation (1) a superheating 
A& = 3.2 degC for carbontetrachloride, since 
k = 1.59 x 10T2 W/mdegC at the atmospheric 
boiling point T = 349*8”K, by substitution of 
Prtiger’s experimental values for d and 01, of 
Section 1.2.2. This is in good agreement with the 
actually measured value (3.3 degC, in Fig. 2). 

One has for a spherical vapour bubble with 
A,, = 47cR2 : 

ah = p,R (2) 

Hence : 

(3) 

Equation (3) results in a bubble growth equation 
by taking simply d, = (at)* = (kt/PIc)f, i.e. 
proportional to the expression valid in case of 
transient heat conduction for a homogeneous 
semi-infinite body with a plane boundary. It 
follows that 

R(t) = 2 E Ati,( = 2 Ja(at)* 
P2l 

= C,AO,t* = C2tf, 

where the Jakob number is defined by 

(4) 

R(0) = R, has been neglected, cf. Section 1.9. 
Note that R N t*, which is characteristic for 
diffusion in contradiction to R r~ t in equation 

(8). 
The growth factor C, determines actual 

growth rates of vapour bubbles in boiling vessels. 
The coefficient C1 is more suitable for comparing 
experimental results with theoretical predic- 
tions due to its independence of Aoo, at least for 
asymptotic growth. Predictions of equation (4) 
differ only slightly from those of the similar, 
more exact equations (25) and (49) by Forster 
and Zuber [S] and by Plesset and Zwick [9], 
respectively. 

It may be worth reporting, that (1) the thick- 
ness db of the boundary layer surrounding a 
growing vapour bubble is assumed to be inde- 
pendent of he,; (2) db increases linearly with tf, 
i.e. the ratio R/d, should be independent of t 
and proportional to A.8,. 

1.4. The Rayleigh equation of motion 
A spherical cavity in a non-viscous incom- 

pressible liquid with constant excess pressure 

AP = P(R) - PO (6) 
expands from an initial radius R. to R. The 
energy equation yields in combination with 
continuity [lo] : 

‘1 x1 

3-P, s 
v2(r)4wz dr = 2zp, 

R 

= 2zp,~3R2 = fdp(~' - R;). 

Hence the cavity radius approaches a 
increase with time for R --, co as then 

(7) 

linear 

(8) 
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Differentiation of equation (7) with respect to Plesset and Zwick (Section 1.7) start from the 
time and dividing by R*R yields Rayleigh’s expression: 
equation of motion : 

p#R f $ll”) = p(R) - po. (13) 

(9) Nence 

or 

$&R3R2) = z. (10) -{p”To)-#~~ 

For actual, viscous liquids, a dissipation term 
4r&P,R has to be added to the left-hand side 
of equations (9) and (10). This term is neg- 
lected in the following as the viscosity of many 
liquids is small. Moreover, in case of ~~ptoti~ 
bubble growth, R/R v lft --) 0 as t + co, cf. 
equation (24). 

1.5. The exte~ed Ray~e~~h e~~at~an 
It is shown here, that the expressions, which 

are used by Forster and Zuber [S] on one hand 
and by Plesset and Zwick [9] on the other hand, 
and which may seem to be different at first 
sight, are identical. 

Forster and Zuber write for the extended 
Rayleigh equation : 

R 
+f l-2, 

0 ( > 
i.e. equation (12) again. 

1.6. The Forstm-Zuber theory 
A vapour bubble is a moving spherical heat 

sink, which can be found by integration of a 
moving instantaneous point sink [8]. The 
temperature of the vapour in the bubble is 
unifo~ due to its large thermal diff~ivity and 
equals T(R, t) = TX(t) as thermodynamic equi- 
librium at the interface is postulated (Section 1.1). 

The inst~t~eous su~rheating of the bubble 
boundary amounts to : 

p,(R# -t +R2) = Ap - f, (11) 
AT, = TR - T = -(To - T-1 c A@, 

= AT8 + A&,. (14) 
because the liquid is inserting a pressure 20/R 
due to surface tension inside the cavity. Thom- Forster and Zuber [S] and Zwick [9, 11, 123 

son’s correction~2~/R)p~/(p~ - p2) 4 2cr/R at showed that AT’+ 0 as time t + CCI, so that 

low pressures-for the decrease of vapour the vapour temperature approximates the dew 

pressure at a concave liquid surface has been temperature (Figs. 3 and 4). This pr~iction is in 

neglected in the ~ght-hard side of equation (11). agreement with the experimental results of 

One has thus in combination with Section 1.6 Pi-tiger (Section 1.2.2). 

(Fig. 3): Forster and Zuber used the heat-conduction 
equation and the heat balance (cf. Carslaw and 

PAR R + $8 = (~,iT,l - PLTII Jaeger [13]) to show that ATR can be approxi- 
20 213 TR - T 20 mated by 

--=---- 
R R. A@,, R Pd AT, = A@, - I____ 

P&a)* =-- 

s 

’ R(t’) ~(~‘)/d~’ dt’ 
* fW R(t)@ - t’)+ W) 

0 
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T i 
0 6 

I q 

G 

--- 
” 

u i/ d 

I 
i R2’4.2 

distance to bubble centre 

I%G. 3. Temperature distribution near the boundary of a growing free vapour 
bubble in a superheated pure liquid. 

The extended Rayleigh equation is used to show that AT, + 0 (Forster and 
Zuber) or AT: + -A& (Plesset and Zwick) as R -+ xl. More exactly: AT, + 

R,/C, t*, cf. equation (26) 

A solution of equation (15) 

R(t) = c*t+ (16) 

(where C2 is a coefficient which depends on the 
liquid superheating, A&,) is found by the 
substitution 

t’ = z,t. (17) 

The integral in the right-hand side of equation 
(15) is transformed then into one with time- 
independent limits : 

0 m-to-‘ 15.16‘ 2ud 2.m 
t (5) 

ATR = T(R, t) - T = A&-, - {To - T(R, t)} 
1 

FIG. 4. Water. Initial growth of free vapour bubble at A&, = A&, - ____ “’ -ri t+ (1 - z,)-*dzI 
= 3 degC, according to Zwick (-) and to Forster and K%c(a+ s 
Zuber (-----). 

0 

At atmospheric pressure R, = 1.1 x lo-’ m, and TR = 
T + AT, = 100 + 4.5 x lo-?-* (cf. caption of Fig. 3). = AtI - p2 ’ C,. (18) 
TR --) T as t + 03. The initial part of the growth curve PlCWf 
R - t* according to Forster and Zuber’s equation (23) 
tallies with Zwick’s curve by taking a heat source of suitable The following expression for the equilibrium 

strength. radius (nucleus) has been used in equation (12) : 
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R _ 2a ‘=R 
’ Ap A&,’ 

The asymptotic isobaric bubble growth is no 
(19) longer governed by hydrodynamics, since both 

RR and R2 
Hence b(o) = 2~fRo. The oblation &WMO) 

N l/t and l/R N l/t* + 0 as t + 00. 

= bT&)/h&, and a more practical expression : 
Already after a few milliseconds the remaining 

time-independent superheating term in the 

(20) 
right-hand side of (24) is thus balanced by the 
negative evaporation term. Hence : 

are following from equation (19) in combination 
with the Clausius-Clapeyron equation : 

P2I Ap(t) = T ATR(t). (21) 

1.6.1. Initial bubble growth. It is seen from 
equation (12) in combination with the boundary 
conditions R(0) = R, and fi(0) = 0, that ii (0) 
= 0. This means that a vapour bubble with 
radius R. initially at rest will remain in unstable 
equilibrium. Hence initial growth must be 
started by introducing a constant heat source of 
strength Q per unit volume and time, so that a 
term Qt/pic is added to the right-hand side of 
equation (15) and a term (20/R, A&) Qt/p,c to 
the right-hand side of equation (12). 

Initially, ATRO = he,, and the hydrodynamic 
equation of motion (12) is then simpl$‘ied to 

RR+ jk= = 2aQ 
p:cROAB, t. (22) 

R z II* Ja(at)* = C,t* = C, A&t*, (25) 

i.e. the bubble growth rate A is proportional to 
88, and to l/t*, thus decreasing continuously. 

Equation (12) is reduced to : ATi+ (R,,/R - 
1) A&,, which yields in combination with (14) : 

RO AT,+-Ade,-+OasR-+oo, 
R 

i.e. as t + co. (26) 

Hence, the vapour temperature approximates 
the saturation value (Fig. 4). 

1.7. The Plesset-Zwick theory 
Plesset and Zwick [9] write for the extended 

Rayleigh equation, cf. (10) and (12) : 

& $ (R3R2) = B, AT: 

+ (27) 

The required particular solution is : Apparently, the coefficient 

i.e. the bubble starts from critical size with a 
growth rate fi proportional to t* (Fig. 4); the 
initial growth is independent of the liquid 
superheating A&, and the equilibrium radius 
R, is proportional to l/be,,. 

1.6.2. Asymptotic bubble growth. Inserting 
equations (14) and (18) into the equation of 
motion (12) yields : 

p,(R;d + +I?=) = _..?f!- 
Ro Aeo 

_ 2a 
R’ 

(24) 

2a 1 P2l B1=-_--__ 
PIRO Aeo PI=’ 

(28) 

The latent heat of vaporization is supplied to the 
bubble boundary by thermal conduction 
through a thin liquid layer adjacent to the 
bubble [cf. Sections 1.1 and 1.2, especially 
equation (l)] so that the heat inflow is : 

cPb= n: 4 R=k 
0 
g 
ar r=R 

= ; (i%~zlR~) 

= 4xp,lR=&. (29) 

The temperature at the bubble boundary (which 
equals the uniform vapour temperature as a 
consequence of the large thermal diffusivity of 
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the vapour) is determined by the condition (29) 
for the temperature gradient in the liquid at the 
bubble boundary, in combination with the 
following equation, cf. equation (14) : 

AT; = TR - To = ATa - A& = 

(30) 

AFR = 0 if the’cooling effect of evaporation is 
disregarded so that (27) is then simplified to 
Rayleigh’s equation with the solution (8): 

= constant. 

Plesset and Zwick introduce the dimensionless 
variables : 

t 

u = 5 

R;: s 

R4(z3) dz, in place oft, 

0 

where the constant B2 is defined as : 

B, = 

Equation (27) is then transformed to 

- K p’(z4) (u - z,)-f- dz,, 
I 

(31) 

(32) 

(33) 

(34) 
J 
0 

in which p’ = dp/du and the dimensionless 
parameter IC is given by 

(35) 

The inverse transformations follow from (32) 
and (33) : 

R = R,p+ (36) 
” 

t = f 
s 

{p(z4)} -4 dz,. (37) 
2 

0 

Hence 

and 

AT; = !@+& jp’(z4) (u - z4)-f dz,. 
B, 

(39) 

0 

1.7.1. Asymptotic bubblegrowth. The behaviour 
of the bubble for R/R0 4 1, i.e. for large t, shall 
now be considered. As the bubble grows, the 
acceleration of the growth in the left-hand side 
of equation (27) tends towards zero because of 
the cooling effect, It therefore follows from 
equation (34) that 

[p’(z4) (u - z4)-+ dz, -+ K-’ asu + co. 

The substitution 

z4 = 5u 

transforms the integral in (39) into 

(41) 

1 

u-4 (1 - <)_)---- 
s 

dP(&) 

d5 dr-+K-” 
(42) 

0 

The right-hand side of (42) is independent of 
time, when 

p(u) = B,uf, (43) 

where B, is a constant which is determined by 
(42). The integral in the left-hand side of (42) 
can be expressed in the beta-function B and 
hence in the gamma-function I : 

1 s <-f(1 _ ()-+d< = B(+,+) = %$@ = n, 

0 

(44) 
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so that B3 E 2/m and 

Hence 

growth without mass transfer due to evapora- 
tion is in agreement with E = 1 - p2/p1 = 1 as 

asu-, cc. (45) P2 = 0. 
Striven assumed a solution T(r, t) = T(s) on 

dimensional grounds, with s independent of 

B=R2 
time : 

AT*,-+ -co= 
B1 

-A& ast-+ cc. 

W) 
This is equivalent with AT, --+ 0 in the Forster- 
Zuber theory, cf. (26), i.e. the vapour temperature 
approximates the saturation value. 

From (36) and (45) it follows that 

and from (37) and (45) that 

Bt2* 
u* z 1 - 00 3 

t+. 
7% (48) 

The asymptotic approximation for the bubble 
radius as t --) cc follows from a substitution of 
(48) in (47) : 

R 
12+ k 

z--- 
0 7c pzlat. A*ot* 

I = 2s(at)‘), (51) 

where s is independent of time, i.e. as/at = 0. At 
the bubble boundary we denote s = & Hence 

R = 2/!?(at)* = C2t*. (52) 

The arbitrary constants occurring in the two 
successive integrations of the resulting ordinary 
equation are determined by using the first 
boundary condition and equation (29), which is 
at t = 0 equivalent to the initial condition as 
R(O) = 0. Differentiating T(s) partially with 
respect to r and t yields : 

dT aTat aTar 

-=atas+alas ds 

or 

aT dTas aTaras aTar _-----_-_= --- 
athat ar asat ar at 

A8,t* = ; ’ Ja(at)*. (49) 
0 

with 

as s a2s o ar 
-=---,z= ar r ar 

and - = s 4 
at 0 

i 
= 2,sT 

r’ 
1.8. The Scriuen theory 

Striven [14] extended the heat-conduction Hence, the transformation of the partial deriva- 

equation for spherical symmetry to establish tives is then given by : 
the effect of radial convection resulting from aT 
unequal phase densities : -= - 

at 1 

aT 
at +&leg= - a (g+;g). (50) 

The boundary conditions are T(m, t) = To and a2T s 2d2T 
T(R, T) = T and the initial condition is T(r, 0) F=; ds2’ 0 J 

aT sdT _-- 
Z-rds I (53) 

= To ; u(R, t) = & and u(r, t) = &R2/r2 denote 
\/ 

the instantaneous radial velocity of liquid im- The partial differential equation (50) is reduced 

mediately adjacent to the bubble boundary and 
to an ordinary differential equation by substitu- 

at greater distance from the bubble centre, 
tion of (53). Since 

respectively. Note that the expression for the 
velocity in equation (7) for isothermal bubble 

R 
- = 289 
a (54) 
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one finds thus : = 2/I’, where 

(55) 
R = C& = (Ua)+ (at)’ = C~(Ae~)~ tf. 

(61) 

This equation can be integral i~ed~ately 

dT 
- = A,s-2 expf-s2 - 2cfi3s-1)_ 
ds 

(56) 

The second integration yields 

T(s) = T, - Al ~zsm2exp(--z: 
8 

- 2aj13z; ‘) dz,. (57) 

Application of the heat flow equation (29), and 
of the eq~tions (53) and (54) yields : 

Al 
Pzf 

= ptc 2f13 exp (/P + 2&/J’). (58) 

Hence 

exp (-2: - 2sf132; “) dz,. (59) 

Equation (53) yields an expression governing 
bubble growth by taking r = R and applying 
the second boundary condition : 

Ju = 2f13 exp G2 + sf12) [ z; 2 

x exp (-2: - 2&r; ‘f dz, = @(a, 6). (60) 

The numerical values of @(s, p) have been 
computed by Striven [ 141 for constant values of 
E. For j? + CO, @(E, CO) g px,lp2, when A$ = 
l/c; this means, that evaporation of the entire 
bulk of superheated liquid occurs instantan- 
eously at this maximal superheating. This 
follows also from equation (70) by taking 
Cl= 1. 

The following approximations are of practical 
interest for bubbies generated in nucleate 
boiling, cf. Fig. 5 : 

(i) For released bubbles (cf. Part II) at small 
superheatings A&, of the bulk liquid: @(E, 0) 

(ii) For bubbles generated at the relatively large 
superheating (!I0 of the heating surface: 
@(s, #I) z (~/3)*~, provided p2 3 p1 (at low 
pressures), when 

Ja(at)f = C,B& = c2tt 

(62) 
i.e. equation (49) again, with Plesset and 
Zwick’s numerical constant (Section 1.7). 
The approx~a~on (62) is more accurate 
than (61) for su~rheat~gs A@, 3 0.25 degC. 
(Figs. 5 and 6). 
30 

P 
-r 
5 25 

g 

20 

15 

10 

5 

0 
0 o-25 050 1.25 

FIG. 5. Wurer. Growth factor C2 of equation (52) for free 
vapour bubbles as a function of liquid superheating 
according to Striven’s equation (60). 

The straight line C, 3: 24 x 10m4 A&, was predicted by 
Plesset and Zwick, equation (49), and is similar to &&en’s 
approximation for relatively large superheatings, equation 
(62). 

The initial part of Striven’s curve can be approximated 
by the parabola C, = 10 x 1O-4 (A&#, equation (61). 

0 ~~~rn~t~ values determined by van Straieu, cf. 
Part II. 
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125 
Water - 1-butanol E 

I 

0.25 

0 
0 0.25 050 o-75 MO 1.25 

FIG. 6. Water-1-butanol. Exponent n in C, _ (A&,)” as a 
function of superheating of bulk liquid, derived from 
Striven’s theory. The extreme values are n = 030, equations 
(61) and (73, and n = 100 6. equations (62) and (74); 
n = 0.75 is the average value in the range of superheatings 

occurring actually in the boiling vessel, cf. Part I I. 

1.9. The Skinner-Bankofl theory 
Recently, Skinner and Bankoff [15] extended 

Striven’s theory by studying bubble growth in 
spherically symmetric temperature fields of 
general variation, thus including both negative 
superheating, i.e. subcooling (surface boiling) 
and initially uniform superheating. In the latter 
case equation (62) is reported for R(0) = 0. This 
restriction of the previous theories is reasonably 
allowed, because as early as R(t)/R(O) = 7, the 
deviation of R(t) from equation (62) is dropped 
to 2 per cent. This occurs as rapidly as within 
3 x 10e4 s, cf. Fig. 4. 

2. BINARY MIXTURES 

2.1. Survey 
2.1.1. Introduction. Van Wijk, Vos and van 

Stralen [16-181, Striven [14], Bruijn [19], van 
Stralen [20] and Skinner and Bankoff [21] 
extended the theory to spherically symmetric 
bubble growth in superheated binary mixtures. 
The rate of bubble growth in a pure component 
depends on heat flow towards the bubble 

boundary to satisfy the heat requirement of 
evaporation. In mixtures, heat diffusion is linked 
with mass diffusion of the more volatile com- 
ponent, which is rapidly exhausted in the liquid 
immediately adjacent to the bubble. A low 
concentration or mass diffusivity of the more 
volatile component results in a slowing down of 
bubble growth as the mass diffusivity is an 
order of magnitude smaller than the thermal 
diffusivity. 

The theories predict the occurrence of a 
minimum growth rate of free bubbles (and 
according to van Stralen [20, 221 also of a 
minimum departure radius of bubbles generated 
at a heating surface, cf. Fig. 3 of Part I of [22], 
at a certain low concentration of the more 
volatile component. This minimum has actually 
been established experimentally, cf. Part II. 

2.1.2. Recent developments. A striking pheno- 
menon is the observed coincidence of a minimal 
bubble growth rate (corresponding with a 
maximal AT/G,, cf. equation (74), resulting in a 
minimal heat transmission to individual bubbles) 
and the occurrence of a maximal nucleate 
boiling peak flux density at the same liquid 
composition (Fig. 2 of Part I of [22]). Recently, 
this “boiling paradox” has been explained by 
van Stralen [22] by describing nucleate boiling 
as a relaxation phenomenon concerning the 
superheating and the excess enthalpy of the 
equivalent conduction layer at the heating 
surface. This boundary layer is pushed away 
periodically from the wall due to the rapid 
growth of succeeding bubbles on active nuclei. 

The theory is based on the results of the 
present study of bubble growth and on the 
occurrence of rapid local temperature dips at 
the contact area between heating surface and 
boiling liquid, both in nucleate boiling and in 
film boiling with partial liquid-wall contact. 
The temperature fluctuations coincide with the 
initial generation of bubbles on nearby nuclei 
and have been observed by Moore and Mesler 
[23], and by Madsen [24]. Different interpre- 
tations of this phenomenon have created much 
controversy about the understanding of the 
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mechanism of nucleate boiling. Moore and 
Mesler referred the fluctuations to the heating 
surface and as a consequence stated the hypo- 
thesis,thataverythin(orderofmagnitudeofl ,nm) 
liquid microlayer between a vapour bubble and 
the heating surface exists and evaporates rapidly, 
thus being responsible for the calculated very 
high local heat fluxes during initial bubble 
growth. Contrarily, Madsen and van Stralen 
[22] showed the unnecessariness of this hypo- 
thesis and assumed the existence of a l/c&, times 
thicker liquid “relaxation microlayer” at the 
bottom of the bubble (or surrounding a part of 
the bubble interface, respectively), which is 
heated periodically during the waiting time and 
is cooled during bubble growth. 

The theoretical background is justified by 
high speed Schlieren motion pictures taken by 
BChar and Semeria [25] and more recently by 
Bahr [26]. 

In principle, the new theory includes the 
favourable effect on peak flux by any method 
resulting in a diminished direct vapour forma- 
tion at the heating surface, which corresponds 
generally with an increased frequency of smaller 
bubbles, e.g. surface boiling, vortex flow, the 

0 X Xa y -KY 
_.--p------ 

use of high pressures and the application of an 
electrostatic field. 

2.2. The van Wijk-Vos-van Stralen theory 
Essential is the prediction of the occurrence 

of an increase AT in the dew temperature of 
vapour with respect to the boiling temperature 
of the original (bulk) liquid [16-18,20,22]. The 
minimum “effective superheating” AZ = A& 
- AT in mixtures, which occurs at a low 
concentration of the more volatile component, 
results in a maximal slowing down of bubble 
growth, cf. equations (4,25,49,62). The original 
theory is shown here to be equivalent in this 
respect to the more recent Striven and Bruijn 
theories. 

A simple graphical evaluation of AT/G, in 
dependence on liquid composition from equi- 
librium data follows from Fig. 7 and has been 
discussed in Part II of [22]. 

2.3, Van Stralen’s modification [20] of the van 
Wijk-Vos-van Stralen, Striven and Bruzjn 
theories 

2.3.1. Analogy between heat and mass diffusion. 
The equations governing the concentration of 

z \ 
2 \ \ 

\ 
\ 

\ 
P 
\ 

FIG. 7. Equilibrium-diagram for a binary system with 
minimum boiling point. From the material balance it 
follows: l/G, = (J - x)/(x0 - x). One has for small values 
of G,: BP/CD = BAICA, i.e. BP = AT/Ge independent 

of G, and of A&,. 
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the more volatile component are analogous to where Ja,, is a new dimensionless group or 
those for the temperature, which is seen by modified Jakob number for mixtures; according 
replacing T by x, a by D, A& by x0 - x, l/c by to equation (69): 
y - x and j? by p/3 = (a/D)*j?, 6. equation (52). 
For example, equation (29) is transformed into 

C 
Ja,, = -L!f Ja = e. 

equal rate of consumptia and flux of volatile c 
1.P @2hd U/c + (a/W3 WG,)’ 

matter into the vapour space of the bubble : (67) 

~zol- x)h, = P,D ; = . 
0 

(63) 
Ja, = Ja for pure liquids and azeotropic mix- 

r &., 
tures, as AT = 0 then, cf. also equation (74). 

It can be shown easily, that for relatively large 
The analogous equation is given by 

/I, x{&,,(t)} + x, i.e. the concentration at the 
bubble boundary approaches a constant value; 

fiGd = fix, = @(P(E,_$). 
Pz PzY-x 

(68) 

viz. the analogous equation following from 
equation (18) in combination with equation (52) 

The second new dimensionless group G,, shall 

is, if Forster and Zuber’s numerical constant zf. 
be called the vaporized mass diffusion fraction 

is replaced by Plesset and Zwick’s and Striven’s 
[20, 221 for individual bubbles. For relatively 

value (12/7r)*: 
large /I (Section 1.8) it follows from equation (66) : 

x-$,(t)) - x = (xo - 4 - [xo - X{%(t)>] AT = T(x) - T(x,) = 

= 
60 - (64) (69) 

whence, according to equation (68) 
and from equation (62) : 

x@,(t)} - x =I_ If+@! G,= - ; ++;Aeo= ; +G; (70) 
x0 - x 0 3 PIG., 0 1.P 0 

n+ I.4 =I- - 
0 

where the third new dimensionless group (;; is 

3%-5) 
(65) called the vaporized heat diffusion fraction 

[20,22-j?. The ratio 

It follows thus from equation (62) that for A&,, = Aeo - (PzVP14 @t&9 8) 

relatively large superheatings both x{R,(t)} d (PZIPI) @Jb I.@) 

= x and y = Kx are independent of t. 
2.3.2. Bubble growth equation. In binary 

mixtures, bubble growth is thus governed by 

= A80 - (PzllPtC) w - PZIPIY cz,$~*) 

(PZ/P,) W - PZ/PD Cz,&D+) ’ 

171) 

two equations, both originating from equation \‘I) 

(60), i.e. by the combination of a modified and which is in the asymptotic approximaton 
an analogous expression. simplified to : 

One has now : To = T(x,) + be, and T{R,,,(t)} 
= T(x) = T(y) = T(x,) + AT for equilibrium 
evaporation (cf. Sections 1.1 and 1.6), whence 

g= @*;($ 3, (72) 

equation (60) is extended to according to equations (69) and (70). AT/Gd is 

Ja, = 5 (At?, - AT) = z AZ = @(E, fi), 
t Both Gin and Gtp refer to the same equivalent con- 

duction layer d,., = (n/3)* (at)* as then Gf , = (4n/3) 

(66) 
p1H$4wdb.pR: = (2/N (c/D A&, and Gt,, = &JR,) Gh*..) 
= (C,.,G.,)W4 (40 A&. 



thus independent of A&. This ratio can, 2.4. The Bruijn theory 
according to van Stralen [17,22] be derived by It will be shown here, that Bruijn’s theory is 
expanding. AT in a Taylor series in x0 - .Y or, identical with the special case of Striven’s theory, 
according to van Wijk and van Stralen [17, 18, which is obtained for E = 0, i.e. in case of equal 
20, 22, 271 be evaluated graphically (in depend- densities of vapour and liquid. This means, that 
ence on composition) from equilibrium data the radial convection in the liquid near the 
(Fig. 7), as bubble has been neglected and that the theory 

is actually only exactly valid at high pressures 
approximating the critical. 

(73) 
growth coefficients Cz,,,/Cz,p differs for the 
system water-1-butanol at atmospheric pressure 
only slightly from Striven’s values. Apparently, 

is independent of G, and A&, and of .Y for the effect of the radial convection on the con- 

relatively small values of G& centration of the minimal bubble growth rate in 

The minimum value of the bubble growth binary systems is only slight. Bruijn’s tempera- 

constant Cr,, in mixtures can thus easily be ture (and analogously for mass diffusion) equa- 

derived by substituting the obtained AT/G, tion is : 
co 

in equation (72). 
The asymptotic bubble growth equation (62) T(s) = To - $e-” + A, exp ( - 2:) dz,, 

is for binary mixtures extended to : 
s s 

(76) 

R, 2 (;)’ .Ja,(at)+ = (;)’ where AZ is a constant of integration, the value 
of which is determined by taking s = B: 

af- 

’ (p2/pl) {UC + (a/D)* AT/h) AgO tf (77) 

= C,,,A8, t+ = C,,, t+. (74) Hence 

It is shown explicitly, that a minimal A,,, for free be,= To- T=E4/13exp/12 
exp (- P2) 

or released bubbles in mixtures is corresponding 1 33 

to a maximal ratio AT/G,, cf. also Fig. 25 of m 

Part II, where the theoretical curves for the - 

system water-1-butanol have been derived from I 
exp (-z:) dz, 

the exact equation (71). The experimental values 
B 

of C&Ill for released bubbles, which have been 
evaluated from high-speed motion pictures, are 

2p2 - 4/13 exp /l’ 

in quantitative agreement with the theoretical 

[exp(-z:)dz5}. 

P 
predictions (Part II). (78) 

The growth equation (61) for very small super- 
heatings is extended to (Figs. 5 and 6): 

One has, on the other hand by taking E = 0 in 
equation (60) : 

R, = (2Jao)* (at)* cc 

242 

= Q/c + WV AT/G,) 1 
’ (Aoo)” t+ AO, = $e [2B3 exp /?’ 

s 
zg exp(-z:)dz,]. 

1 

= CT ,,,(Ae,)i- td-. 
B 

(75) (79) 

In spite of this deficiency, the ratio of the 
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Partial integration of the integral in the right- 
hand side of equation (79) yields : 

water is the more volatile component) are almost 
identical to those of Striven. This is apparently 
due to the property of the mass diffusion 
equation, which is analogous to the heat 
diffusion equation (50), that the concentration 
gradient at the bubble boundary and thus l&,, 
cf. equation (63), are mainly governed by the 
nearby concentrations. 

QI m s z: exp(-z:)dz, = $exp(-fi2) - 2 

B 
s 
B 

x exp (-z:) dz,. (80) 

Finally, substitution of (80) in (79) gives (78). 

2.5. The Skinner-Bankoff theory 
Skinner and Bankoff [21, 151 extended 

Striven’s theory for initially uniformly super- 
heated and homogeneous binary mixtures to 
arbitrary spherically symmetric initial condi- 
tions. Recently, Yatabe and Westwater [28] have 
shown, that the numerical solutions for ethylene- 
glycol-water (a non-azeotropic system, where 

2.6. The van Stralen extension to dilute salt 
solutions 

An elevation of boiling point occurs in binary 
systems with a nonvolatile component, which is 
proportional to its concentration ; e.g. an 
accumulation of salt can appear in the liquid 
layer adjacent to the boundary of a steam 
bubble; the corresponding boiling point is 

superheated liquid 

( boiling+cint 

nonvolatile 

FIG. 8. Temperature-composition diagrams for binary systems with a more volatile com- 
ponent, 2, cf. Fig. 7, and a nonvolatile component, 3, e.g. dilute salt solution. 

In the latter case K = y/x = 0, and the dew Point of vapour or the boiling point of liquid 
at the. bubble boundary is increased with an amount Ed, the boiling point of bulk liquid 
withe,<E,;As=E,-s,,. 

Bubble growth is slowed down as the effective superheating AT = A& - As -C A&. 
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i+ db 
distance to bubble centre 

R R+db 
distance to bubble centre 

FIG. 9. Temperature and composition as a function of distance to bubble 
ccntn (cf. Fip. 7 and 8). R = radius of free vapour bubble, d = thick- 
ness of liquid boundary layer. 
@ Pure, less volatile component; @ binary system with more 

volatile component; @ binary system with nonvolatile component_ 



GROWTH RATE OF VAPOUR BUBBLES 1487 

increased by an amount si, which exceeds the fungsvorgang, For&r. Geb. Zng Wes. 2, 435-447 (1931). 

elevation so in the bulk liquid with an amount 6. A. HBIDRICH, ober die Verdampfung des Wassers bei 

(Fig. 8): 
Siedeverzug, Thesis, T&n. Hoc&h. Aachen (1931). 

7. W. PF&GER, Die Verdampfungsgeschwindigkeit von 

& = Et - Eo. (81) 
Fltissigkeiten, 2. Phys. 115, 202-244 (1940); Forsch. 
Geb. ZgWes. 12, 258-260 (1941). 

The “effective superheating” (Section 2.2), i.e. 
8. H. K. Foasraa and N. Zumm, Growth of a vapour 

bubble in superheated liquid, J. Appl. Phys. 25,474-478 
the difference in temperature between the (1954). 

superheated bulk liquid and the dew point of 9. M. S. PLESSET and S. A. ZWICK, The growth of vapour 

vapour equals now : 
bubbles in superheated liquids, J. Appl. Phys. 25, 
493-500 (1954). 

AT = (T + Ae, + Em) - (T + EJ = AOo - AE. 10. Loan RAYLEIGH, On the pressure developed in a liquid 
during the collapse of a spherical cavity, Phil. Mug. 34, 

(82) 9498 (1917); Scientific Papers, Vol. 6, Cambridge 

Consequently, a slowing down of bubble growth University Press, Cambridge (1920). 
11. S. A. ZWICK, Hydrodynamics Lab. Rep. 21-19, 

rates is also predicted in this case. The occurr- California Inst. Technology, Pasadena (1954); quoted 
ence of a decreasing bubble size in coincidence in [9]. 

with an increasing peak flux density in nucleate 12. J. W. WESTWATER, Boiling of liquids, Adv. Chem. Engng 

boiling has actually been observed by Samuel 13. H. s. CARSLAW and J. c. JAEGER, Conduction of Heat in 
1, l-76 (1956); 2, l-31 (1958). 

[29]. It follows by taking y = 0 in equation (68), Solids, 2nd edn. Clarendon Press, Oxford (1959). 

that 0 < Gd = 1 - x0/x, where x > x0 in this 14. L. E. SCIUVEN, On the dynamics of phase growth, 
Chem. Engng Sci. 10, l-13 (1959). 

Cage, i.e. the mass diffusion Of the nOnVOhtik 15, L. A. SKINNw and S. G. BANKO~, Dynamics ofvapour 

component has been reversed in comparison bubbles in spherically symmetric temperature fields of 

with the behaviour of a more volatile com- general variation, Physics Fluidr 7, l-6 (1964); S. G. 
BANKOFF, Diffusion-controlled bubble growth, Adv. 

ponent, and is directed now from the bubble Chem. Engng 6, l-60 (1966). 
boundary away to the surrounding liquid 16. W. R. VAN WIJK, A. S. Vco and S. J. D. VAN STRALEN, 

(removal of salt instead of supply towards the Heat transfer to boiling binary liquid mixtures, Chem. 

interface). 
Engng Sci. 5, 68-80 (1956). 

17. S. J. D. VAN STRALEN, Warmteoverdracht aan kokende 
The asymptotic bubble growth equation (74) binaire vloeistofmengsels (Heat transfer to boiling 

is now replaced by : binary liquid mixtures), Doctor thesis, University of 
Groningen, Netherlands; Veenman, Wageningen, 

0 

12 + a+ Netherlands (1959) ; Meded. LandbHoogesch. Wugenin- 

R nrz - 
71 WP~) U/c + (a/W* WGdl A’0 t* 

gen 59 (6) l-82 (1959). In Dutch with English summary 
and captions. 

= c,,, Ae, t*. (83) 
18. S. J. D. VAN STRUEN, Heat transfer to boiling binary 

liquid mixtures, Br. Chem. Engng 4, 8-17 (1959); 4, 

In Fig. 9, the temperature and mass fraction vs. 
78-82 (1959); 6, 834840 (1961); 7,90-97 (1962). 

19. P. J. BRUIJN, On the asymptotic growth rate of vapour 
distance to the bubble centre diagram is shown bubbles in superheated binary liquid mixtures, Physicu, 

both for binary systems with a more volatile $ Gruv. 26, 326-334 (1960). 

and a nonvolatile component. 
20. S. J. D. VAN S-EN, Bubble growth rates in boiling 

binary mixtures, Parts I-IV, Laboratory of Physics and 

REFERENCES meteorology, Agricultural University, Wageningen, 

1. F. B~SNJAKOVIC, Verdampfung und Fliissigkeitstiber- 
Netherlands (1964); Br. Chem. Engng 12, 390-394 

hitzung, Tech. Mech. Thermo-Dynum. Berl. 1, 358-362 
1143-1473 (1967). 

(1930). 
21. L. A. SKINNW and S. G. BANKOFT, Dynamics of vapour 

2. M. JAKOB, Hear Trun.rfer, Vol. 1. John Wiley, New York 
bubbles in binary liquids with spherically symmetric 

(1950). 
initial conditions, Physics Fluiuk 7, 643-648 (1964). 

3. M. JAKOB, Heat transfer in evaporation and condensa- 
22. S. J. D. VAN SIXALEN, The mechanism of nucleate 

tion, Me& Engng Ss, 643-&%,720-739 (1936). 
boiling in pure liquids and in binary mixtures, Parts 

4. H. G~tlnatt, S. ERK and U. GIUGULL, Die Grundgesetze 
I-IV, Znt. J. Hear Mass Transfer 9,995-1020,1021-1046 

der Wiirmeilbertrugung, 2nd edn. Springer, Berlin 
(1966); 10, 1469-1484, 1485-1498 (1967). 

(1957). 
23. F. D. MOORE and R. B. Ma, The measurement of 

rapid surface temperature fluctuations during nucleate 
5. M. JAKOB and W. FRITZ, Versuche tiber den Verdamp- boiling of water, A.Z.Ch.E. Jl7, 620-624 (1961). 



1488 S. J. D. VAN STRALEN 

24. 

25. 

26. 

N. MADSEN, Temperature ~uctuations at a heated 
surface supporting pool boiling of water, Laboratory 
of Heat Transfer and Reactor Engineering, Techno- 27. 
logical University of Eindhoven, Netherlands (1964); 
Symposium on boiling heat transfer in steam-generated 
units and heat exchangers, Proc. Insfn Mech. Engrs 28. 
180 (3C), To bc published. 
M. B&AR and R. SBti, The use of strioscopic 
observation methods in boiling and de-aeration studies, 
Hot&e Blanche 6, 687-691 (1963). 29. 
A. BKHR, Bedeutung der von Dampfbfasen erzeugten 

Mikroko~vektion fur die W~rme~bertra~n~ beim 
Sieden, Chemie-~~gr-Tech. 38.922-92.5 (1966). 
W. R. VAN WIJK and S. J. D. VAN STRALEN, Wlrme- 
iibertragung an sicdenden Zweistoffgemischen Ii, 
Dechem&Gongor. 32,94106 (1959). _ 
J. M. YATABE and J. W. WESTWATER. Bubble growth 
rates for ethanol-water and ethanol-isopropanol mix- 
tures, Chem. Engng Prog. Symp. Ser. 64 62, 17-23 
(1966). 
T. SAMUEL, Eintluss geliister Stoffe und Obertlachen- 
sustandes auf den Mechanismus des Siedens, Brown 
Boveri Mitt. 2WlD, 2941 (1963). 

R&m&-On passe en revue les theories conccmant la croissance a sym&ie spherique de b&s libres 
darts des liquides purs surchaufIcS initialement de fa;Fon tmiforme. La base physique du modele de 
BoSnjakoviC est exposee ct partir des experiences de Jakob et Fritz, dormant la distribution de temp6raturc 
darts ies liquides en ebullition, et par Heydrich et Priiger, montrant que 1’6quilibre thermodynamique 
existe a l’interface vapeur-liquide pendant l’evaporation en regime permanent de liquides surchauffes 
sans Cbullition. 

En accord avec Forster et Zuber, et avec Plessct et Zwick, la croissauce des bulles darts un liquide par 
surchauffe suivant I%quation dynamique de Rayleigh du mouvement isotherme [R g (2Ap/3p#t pour 
une cavite spherique qui se dilate avec une pression diff6rentielle constante Ap] est ralentie par la diffusion 
de la chaleur vers la frontibrc de la bulle pour satisfaire la condition de chaleur latentc de l’evaporation. 
Pour tme croissance asymptotique (RF G c,,@,t*), la dynamique des bulles et I’intbtence de la viscositd 
sont n&l&cables puisque Ap -, 0 lorsque t + co (croissance i&are). L’Bquilibre thermodynamique B la 
front&e de la bulle ob&t B I%quation g6&alis6c de Rayleigb en accord avec les &s.ultats de Prilger. 

Dam les melanges binaires surchauf&, la croissance de la bulie est dim&& davantage b cause de la 
~ff~ion massique analogue du composant le plus volatil en accord avec van Wijk, Vos et van Stralen, 
avec Striven, Bruijn, van St&en et Skinner et avec Bankoff. La modification de van Stralen montre 
l’&quivalence th6orique des diverses theories. La temp&ature du point de rosQ de la vapcur est augment&e 
d’une quantite AT par rapport B la temp&ature d’ebullition du liquide original. En consequence, l’existence 
d’une vitesse minimale de croissance de bulle (cormspondant) tme valeur maximale AT/G,) est prevue 
pour une certaine concentration faible, du composant plus volatif. Ceci conduit au “paradoxe de 

l’ebullition”, qui peut Btre explique par la th6orie de la “microcouche de relaxation” de van Stralen. 

Zuaammenfassung-Es wird ein ubcrblick tlber die Theorlen gegeben, die das kugelsymmetriscbe 
Wachstum von freien Blasen in anfangs gleichmassig ilbcrhitxten reinen Fliissigkeiten betreffen. Die 
physikalische Grundlage des BoSnjakoviC-Modells wird auf Grund von Versuchen von Jakob und Fritz, 
die die Temperaturverteilung in siedenden Flilssigkeiten angeben, und von Heidrich und Prilger, die 
xcigcn, dass bci stationiirer Verdampfung ilbcrhitxter Fltlssigkeiten ohne Blasenbildung an der Dampf- 
~~i~ei~~n~~che ~e~~~~~h~ Gleichgewicht herrscht, entwickeit. 

Nach Forster und Zuber, sowie Plesset tmd Zwick wird das Bl~w~hs~ in einer iiberbitxten 
reinen Fliissigkeit, wie es sich aus der ~yl~~~h~ ~eg~~l~ch~g Etr isotherme Bewegtmg ergibt 
[R r (2AP/3p,)*t ftir eine wachsende kugeIt&mige Blase mit konstantem hrdruck Ap] durch den 
W&metransport zur BlasengmnxfI&chc, der zur Deckuug des Bedarfs an latenter Verdampfungswiirme 
notwendig ist, verlangsamt. FBr asymptotischcs Wachstum (BP 4 C,,$,t*) sind Bhurendynamik und 
EinfIuss von urhigkeit und OberBitcheztspanntmg vemachl%srgbar, da Ap + 0 bei t + CO (isobares 
Wachstum). Thermodyuamisches Glcichgcwicht an der BlasengrenxI&he folgt aus der erweiterten 
Rayleigh-Gleichung in ~minstimmung mit Prllger’s Ergebnisseu. 

In llberhitxten bin&en Gcmischen wird das Blasenwachstum aach van Wijk, Vos und van Stralen, 
&riven, Bruijin, van StraIen turd Skinner und Bankoff wegeu der analogen Diffusion der fliichtigeren 
Komponente weiter verziigert. van Stralen’s Moditikation zeigt die physikalische biquivalenx der ver- 
schiedenen Theorlen. Die Taupunktstemperatur des Dampfa wird um den Betrag AT gegenflber der 
Sicdetemperatur der urspr&@chen F&s&&it erhoht. Als Folge davon wird das Auftreten einer mini- 
malen W~hst~~hw~di~eit (entsptechend einem maximaIen AT/G> bei einer bestimmtcn geringen 
Konxentration der fliichtigeren Komponente, vorausgesagt. Dar+ liihrt zum “‘!&de-Paradoxon”, das 

durch van Stralen’s “Rei~ation~ro~~cht”“~o~e erklart werden kann. 
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&nwreqaa-AaeTcR 06aop Teopemviecmx pa6oT o c#epnYecm CHMMeTpWwsOM pocTe 

CBO6O&HFzlX lly8blpbKOB B IIepBOHaWiJlbHO paBHOMepH0 IleperpeTOt YHCTOti ?KH~KOCTli. B 
OCHOBy cpnaHsecKoa naoneenn EiOUIHRKOBH=Ia nonoweHbI aKcnepHMeHTbl IIKoBa H cDpwrqa II0 
pacnpeneneHnw TeMnepaTypmr Knnnaeii mK~~ocTn, a TaK%e aKcnepnneHTbz re*gpHxa n 
IIpIorepa, KOTOpbIe IIOKa%IBalOT, wo Ha rpaHnqe pasnena cpaa lIap+KHAKOCTb BO spemn 
CTa~nOHapHOrO nClIapeHnJ3 lIeperp@TOti JKnAKOCTbKl 6ea KnlIeHHIi CyIQeCTByeT TepMOmHa?dK- 
9ecKoe paBHoBecne. 

CorJracHo @ocTepy II 3y6epy, a TaKme IIJrecce n uBn~y, pOCT nyaupbKoB B neperpeTo& 
WiCTOti HWAKOCTA, KaK CJIeAyeT nL3 AHHaMn'leCKOrO ypaBHeHnR n80TepMn4eCKOrO ABK?Kelinfl 
PeneR [R r (2A/3pl)*t z[ns pacruupmo~eticn c@epmecKoti IIOJIOCTII c IIOCTORHWIY ua6m 
TO~HHM AasneHaem Ap], saMegJrsieTcfl~rJ@yanetiTenna,HanpasneHHotK rpawiqe nyabIpb- 
KOB,~JlEiTO~O'iTO6b4y~OBJIeTBOpnTbTpe6OBaHnlO CKpbITOZtTeIIJIOTHllap006paaoBaIWi.~pH 
aCnMllTOTH9eCKUM pOCTe (&I Z Cl,pA&)tf) J&iHaMnKOit IIyWpbKOB Ii BJInRHneBl BfIIBKOCTK n 

noBepxHOCTnOro HaTfnKeHnfi MOMHO npeHe6pe%, T.K. Ap + 0 npK t -+ 03 (mo6apHbIft 
pOCT). & o6o6aemoro ypaBHeHnH PeJIeff B COOTBeTCTBHn C AaHHbJMK npIOrepa CJIeAyeT, 
VT0 Ha IlOBepXHOCTH IIyEOdpbKOB nMeeT MeCTO TepMOJ&KHaMEi'ReCKOe PaBKOBeCne. 

CornacHo pa6OTaM BawBnBKa, Boca n BaH-mTpaneHa, BplontiHa, BaH-mTpaJIeHa K 
CKnHHepa, a TaKme BaHKO#Ia, B IIeperpeTblX 6nHapwnr CMeCfIX pOCT IIyaEJpbKOB OCJla- 
6naeTcfi TaKme 6naroAapx J@@yanK MaCCU donee ne~ywix KOMnOHeHTOB. bfoAnt@nKaqnsi 
BaH-UTpaneHa yKaablBaeT Ha a)naiwecKoe noAo6ae paannrHnx Teopd. Towa pow AJIH 
napa yBeJInwiBaeTCII Ha BeJlSWnHy AT no OTHOJIIeHWKI K TeMnepaType KnIleHHFI nepao- 
HaqaJlbHO& HGHAKOCTK. B pe8yJIbTaTe MnHKMaJlbHylO CKOpOCTb pOCTa Ky8blpbKOB (COOTBBT- 

CTByIOIQyEO MaKCHMaJIbHOMy OTHOUIeHSiKI AT/Cd) MOWHO paCC'?KTaTb IIpU OIIpeAeJIeHHOti 
HnE%KOtiKOH~eHTpalJHn 6onee JleTJ-ger0 KOMIlOHeHTa.3TO IlpnBOmT K UIIapaAOKCy KKlIeHWJ-f~, 
~0~0pb1i-i MO~HO 06IRCHEITb cornacH0 TeopHu BawmTpaneHa 0 upenaKcaqau mn~pocno~~. 


