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THE GROWTH RATE OF VAPOUR BUBBLES IN
SUPERHEATED PURE LIQUIDS AND BINARY
MIXTURES

PART I: THEORY

S. J. D. VAN STRALEN{}
Heat Transfer Section, Technological University, Eindhoven, The Netherlands

(Received 5 September 1967)

Abstract—A survey is given of the theories concerning spherically symmetric growth of free bubbles in
initially uniformly superheated pure liquids. The physical basis of the Bonjakovi¢ model is developed
from experiments by Jakob and Fritz, giving the temperature distribution in boiling liquids, and by
Heidrich and Priiger, showing that thermodynamic equilibrium exists at the vapour-liquid interface
during stationary evaporation of superheated liquids without ebullition.

According to Forster and Zuber, and Plesset and Zwick, bubble growth in a superheated pure liquid
following from Rayleigh’s dynamic equation of isothermal motion [R = (2Ap/3p,)*t for an expanding
spherical cavity with a constant excess pressure Ap] is slowed down by heat diffusion towards the bubble
boundary to satisfy the latent heat requirement of evaporation. For asymptotic growth (R, = Cy, ,Af,t?),
bubble dynamics and the influence of viscosity and surface tension are neglible since Ap —+0 as t -+ «©
(isobaric growth). Thermodynamic equilibrium at the bubble boundary follows from the extended Rayleigh
equation in accordance with Priiger’s results.

In superheated binary mixtures, bubble growth is further decreased due to the analogous mass diffusion
of the more volatile component according to van Wijk, Vos and van Stralen, Scriven, Bruijn, van Stralen
and Skinner and Bankoff. Van Stralen’s modification shows the physical equivalence of the various
theories. The dew temperature of the vapour is increased with an amount AT with respect to the boiling
temperature of the original liquid. As a consequence, the occurrence of a minimal bubble growth rate
(corresponding with a maximal AT/G,) is predicted at a certain low concentration of the more volatile
component. This leads to the “broiling paradox™, which can be explained by van Stralen’s “relaxation

microlayer” theory.

NOMENCLATURE
= k/p,c, liquid thermal diffusivity [m?/s];
horizontal semiaxis of ellipsoidal vapour bubble [m];
vertical semiaxis of ellipsoidal vapour bubble [m];
area of vapour-liquid interface [m?];
area of surface of platinum heating wire [m?];
= 2p,l/p,c)B® exp (B* + 2¢B?), constant of integration [degC];
= 4(p,l/p,c)B? exp B?, constant of integration [degC];
amplitude of bubble vibrations [m];
dimensionless bubble growth parameter during adherence;
= 20/p,RoAb,, coefficient in extended Rayleigh equation [m?/s? degC];
= (20/p; R3)}, coefficient [1/s];
=~ 2/nk, dimensionless constant;
liquid specific heat at constant pressure [J/kg degC];
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= C,/A8,, bubble growth constant for relatively large liquid superheatings
[m/s* degC];

= C,/(A6,)°%°, bubble growth constant for very small liquid superheatings
[m/s* (degC)];

=C,/(AB,)° 77, bubble growth constant for moderate liquid superheatings
[m/s* (degC)*];

= R/t*, bubble growth factor [m/st];

thickness of thermal liquid boundary layer, or of disturbed region (in nucleate
boiling) at liquid-level surface [m];

thickness of conduction layer surrounding bubble boundary [m];

mass diffusivity of more volatile component in less volatile component [m?/s];
diameter of heating wire [m];

effective potential drop across platinum heating wire [V];

= (w3 — w?)?, viscous damping coefficient for bubble oscillations [1/s];
vaporized mass diffusion fraction for individual bubble;

vaporized heat diffusion fraction for individual bubble;

= q,/A6, = coefficient of heat transfer to free or released vapour bubble [W/m?
degC];

effective electrical current strength through platinum heating wire [A];

= (p,c/p,)A8,, dimensionless Jakob number for pure liquids;

= (pyc/psl) At =(C, ,/Cy.,) Ja, dimensionless modified Jakob number for
binary mixtures;

liquid thermal conductivity [ Wm degC];

= y/x, equilibrium constant of more volatile component in binary mixture
(ratio of mass fractions);

latent heat of vaporization [J/kg];

length of heating wire [m];

parameter for modes of vibration, m = 2 for fundamental harmonic;

exponent of Af, in bubble growth equation for moderate liquid superheatings,
050 < n < 100;

= exponent of time in bubble growth equation R ~ ™;

= (R/R,)*, dimensionless variable replacing R;

= dp/du;

= p/T) = p{T + A8;) — 20/R,,, ambient pressure, or liquid pressure at great
distance from bubble [kg/m s?];

saturated vapour pressure [kg/m s*];

saturated vapour pressure at boiling temperature 7 [kg/m s?];

= p(Tx,) = pTy), initial vapour pressure in equilibrium bubble [kg/m s*];
(20/Ry), initial pressure in liquid at boundary of equilibrium bubble [kg/m s*];
instantaneous saturated vapour pressure in bubble [kg/m s?];

= p{Tx) — (20/R), instantaneous pressure on liquid side of bubble boundary
[kg/m s°];

= Ap — 20/R = (26/RoA80,)AT% + (20/RoX1 — Ry/R) = instantaneous driving
pressure difference, or instantaneous pressure difference between liquid at bubble
boundary and at great distance from bubble [kg/m s?];

= p(R) — Hp, +20/R = p(Tp) — Po = p,(Tp) — P(T) = (p3!/T) AT(t), instantan-
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eous difference in pressure on vapour side of bubble boundary and in liquid at
great distance from bubble; Ap(t) —» 0 as t - oo [kg/m s*];

rate of heat flow through unit area of surface, or heat flux density [W/m"];
strength per unit volume and time of constant heat source starting initial growth
from equilibrium bubble [kg/ms®]:

distance to bubble centre [m];

instantaneous (equivalent) bubble radius [m];

= dR/dt, instantaneous radial velocity of bubble boundary, or bubble growth
rate [m/s];

= d?R/dt?, instantaneous radial acceleration of bubble boundary [m/s*];

= R(0) = 20T/p,lAB,, equilibrium radius of bubble in liquid of uniform super-
heating Af,, Ry, = 26T/p,10, at superheating 6, of heating surface [m];

= R(t,), bubble radius at the instant t, of breaking away from heating surface
(exception: Fig. 2 of Part I) [m];

= r/2at)*, dimensionless variable relating distance to penetration depth for
heat conduction ;

time elapsed since initial formation of bubble [s];

instant, at which bubble is breaking away from heating surface [s];

= z,t, time of moving instantaneous heat sink at distance R(t') from bubble
centre [s];

absolute boiling point, or saturation temperature at ambient pressure p, [ °K];
absolute temperature [ °K];

= T + A#8,, initially uniform temperature of superheated liquid; T, = T(x,) +
Af, in binary liquid mixture [°K];

= T(R, 1), instantaneous absolute temperature at bubble boundary, or instan-
taneous uniform temperature of vapour in bubble; Ty — T as t —» oo [°K];

= T — T, instantaneous superheating of liquid at bubble boundary, and of
vapour in bubble; AT —» 0 as r - o [degC];

= ATy — A8y, = —(Ty — Ty), instantaneous temperature difference between
liquid at bubble boundary and at great distance; AT§ < 0, AT —» — A8, as
t — oo [degC];

absolute boiling temperature of liquid at bubble boundary in binary liquid
mixture [°K];

absolute boiling temperature of original liquid in binary liquid mixture, or boiling
point of bulk liquid in mixture [°K];

= T(x), absolute dew temperature of saturated vapour in binary mixture [°K];
= T(x) — T(xp) = T(y) — T(x,), temperature difference between dew tempera-
ture of vapour in bubbles and boiling temperature of bulk liquid in binary mix-
ture, or increase in temperature of liquid at bubble boundary with respect to
original liquid; AT = 0 for pure liquids and for azeotropic mixture [degC];

= (B,/R}) j R*(z,) dz5, dimensionless variable replacing t;
4]
= o(r, t) = &R?*/r*) R, instantaneous liquid velocity at distance r > R from

bubble centre [m/s];
= ¢R, instantaneous velocity of liquid immediately adjacent to bubble boundary

[m/s];
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equivalent bubble volume [m?];

= xo/{1 + (K — 1)G,}, mass fraction of more volatile component in liquid at
bubble boundary in binary liquid mixture;

instantaneous mass fraction of more volatile component in liquid at bubble
boundary in binary liquid mixture;

mass fraction of more volatile component in originally homogeneous liquid or
bulk liquid in binary mixture;

= Kx, mass fraction of more volatile component in vapour of binary mixture ;
integration variables.

evaporation rate per unit area [kg/m? s];

= R/2(at)* = C,/2a*, dimensionless bubble growth coefficient;

= 1 - p,/p;, constant, taking effect of radial convection on bubble growth into
account;

elevation of boiling point in bulk liquid in binary mixture with nonvolatile
component [degC];

elevation of boiling point in liquid at bubble boundary in binary mixture with
nonvolatile component [degC];

= g, — &, increase in boiling point at bubble boundary with respect to original
liquid in binary mixture with nonvolatile component [degC];

liquid dynamic viscosity [kg/m s];

= T, — T, temperature difference between heating surface and the bulk of boiling
liquid, or superheating of platinum wire [degC];

initially uniform liquid superheating above saturation temperature, or liquid
superheating at great distance from bubble, or superheating of bulk liquid [degC] ;
= (Bp,l/3B,kRo)a/nB,)}, dimensionless coefficient in transformed extended
Rayleigh equation;

= (a/D)*, dimensionless constant relating heat and mass diffusion;;

= n/p,, liquid kinematic viscosity [m?/s];

= z,/u, substitution factor for transformation of integral in bubble growth equa-
tion;

liquid density [kg/m*];

saturated vapour density [kg/m?3];

surface tension constant [kg/s?];

period of damped bubble oscillations [s];

period of corresponding undamped bubble oscillations [s];

= A8, — AT, “‘effective” liquid superheating for bubble growth in binary mixture
[degC], At = Af, for pure liquids and for azeotropic mixture, At = Af, — A¢
for mixture with nonvolatile component [degC];

rate of heat flow [W];

= (pic/p,l) A, dimensionless heat diffusion function for binary liquid mixture,
denoted by (e, f) in [22];

= py(xg — x)/p2(y — x) = (p,/p2)G,, dimensionless mass diffusion function for
binary liquid mixture, denoted by (e, uf) in [22];

angular frequency of damped bubble oscillations [1/s];
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Wo, angular frequency of corresponding undamped bubble oscillations [1/s].
Subscripts

b, value for individual bubble;

d, value for mass diffusion;

h, value for heat diffusion ;

m, value in binary mixture;

max, value for peak flux conditions;

2 value in less volatile component (omitted in Section 1 of Part I);

w, value for heating surface.

Numerical values for water at atmospheric boiling point

a, =169 x 1078 m?/s;
c, = 4216 J/kg degC;
Cyp = 22 x 10™% m/s* degC (Forster—Zuber);

24 x 10~* m/s* degC (Plesset-Zwick and Scriven for relatively large Af,);
32 x 10™* m/s* degC (Scriven and van Stralen, experimental, for small A6, =
0-11 — 036 degC);

Ja, = 2:995 A8, ;

k, = 06825 W/m degC,;
1, = 22:56 x 10° J/kg;
Ry, =33 x 1073/A0,m;
8, = 1220C,;

&, = 09994,

P1s = 9584 kg/m3;

02 = 0-598 kg/m3;
pal/pyc, = 0-3339 degC;

G, = 00587 kg/s2.

Numerical values for water-methylethylketone (x, = 41 x 10~2) at atmospheric boiling point
(362°K)

Ciom =6 x 10™*m/s* degC;
v, =33 x 1077 m?%/s;
o, = 00414 kg/s°.

Numerical values for water—1-butanol (x, = 1'5 x 1072 and 60 x 10~2) at atmospheric boiling
point (average value: 370°K)

Cim, = 18 x 1074 m/s* degC at A, = 0-14 degC for x, = 1'5 x 1072%;
21 x 10™* m/s* degC at A§, = 0-31 degC for x, = 6:0 x 10~ 2;

D, =99 x 1071° m?/s for 1-butanol in water;

U = 131 for I -butanol in water.

Numerical values for ethanol at atmospheric boiling point (351°K)
Ci,p, = 8 x 107 % m/s* degC (Forster-Zuber);
9 x 10™* m/s* degC (Plesset—Zwick, Scriven).
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1. PURE LIQUIDS

1.1. Introduction

In 1930 BodNjakoviC [1-4] calculated the heat
flux density to a growing spherical vapour
bubble ascending in a boiling pure liquid on
account of the following hypotheses:

(i) The required latent heat of vaporization is
supplied to the bubble boundary as a
consequence of a slight superheating of the
entire bulk liquid.

(ii) After a short initial stage, a vapour bubble
is surrounded continuously by a thin
boundary layer, through which heat trans-
mission is due to conduction only.

(iii) Thermodynamic equilibrium is assumed at
the bubble boundary.

The importance of hydrodynamics for bubble
growth is thus neglected. Strictly speaking, this
applies only to the asymptotic behaviour (cf.
Sections 1.6-1.9). Anyhow, more exact recent
theories have the same physical background.

1.2. The superheating of the bulk of a boiling liquid

1.2.1. Heat transfer with evaporation at the
heating surface (region of nucleate boiling of a
boiling curve). Bodnjakovi¢’s first hypothesis is
justified by results of experiments carried out
by Jakob and Fritz [2-5] for water boiling at
atmospheric pressure. A boundary layer adher-
ing to the metal heating plate was superheated
considerably, and the entire remaining mass of
liquid was superheated uniformly to approxi-
mately Af, = 0-4 degC for a smooth surface and
to A8, = 0-2 degC, for a rough surface (Fig. 1),
which shows a larger number of active nuclei
generating vapour bubbles. The dew point of
the vapour, which is developed at the water-level
surface, equals the saturation temperature at
the ambient pressure.

The superheating Af, of the bulk liquid is
independent of the heat flux density of the
electrically heated bottom plate of the boiling
vessel, at least for moderate values (Fig. 1).

1.2.2. Heat transfer without evaporation at the

S.J. D. VAN STRALEN

heating surface (convection region of a boiling
curve). Heidrich [6] and Priiger [7] measured
the temperature (in the absence of vapour
bubbles) of superheated boiling water, and of
water and carbontetrachloride, respectively. A
glass boiling vessel was isolated thermally in

& 1006
@ ’7 liquid
5 N—
g smooth surface
g T =08 °C
£ L
= Gw= 003 Wem?
100-0
101-2 H
~ smooth surface [ 2
O ° [
i %=10-6 °C g
g Gy=L3W/em? b
n P
e 100-8 [
g i
5 :
i vapour
100-4 |
1000 L
5 eh 2
o 1006 rough surface b
@ W=60 °C .
?v G =4-BWem? !
e : vapour
Q i
§ o2 5
—_ tiquid : 3
99-8 ! ! . J
0 4 8 12 16

distance to heated bottom plate (cm!)

HG. 1. Water. Temperature distribution above horizontal
heating surface in water boiling approximately at atmos-
pheric pressure (region of nucleate boiling), according to
Jakob and Fritz. A6, denotes the superheating of bulk
liquid and d the thickness of the region disturbed by vapour
bubbles at the water-level surface.

A6, is uniform with exception of a boundary layer
adhering to the heated bottom plate.

AG, and 8, (superheating of bottom plate) decrease at
constant g, with increasing roughness of heating surface
(cf. 2 and 3) as the density of active nuclei generating vapour
bubbles increases more rapidly.

A8, is approximately independent of g, for moderate
values in the region of nucleate boiling (cf. 1 and 2). The
dew temperature of vapour is the saturation temperature at

ambient pressure.
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order to minimize heat losses to the sur-
roundings. ,

The liquid was superheated above the atmo-
spheric boiling point by means of a (relatively
small) heat flux density in the region of con-
vection, ie. without generation of vapour
bubbles. Consequently, the temperature in the
undisturbed boundary layer at the liquid-level
surface could also be determined now. The heat
flux density was calculated from the observed
evaporation rate. Priiger measured the tempera-
ture drop in the liquid boundary layer at the
liquid-level surface by means of a very small
thermocouple (thickness of the wires 3 x 1073
m, of the horizontal hot junction 4 x 10~ m).

The results of this investigation are (Fig. 2):

1473

(i) Liquid and vapour temperatures are ap-
proximately uniform with the exception of
the liquid boundary layer.

(ii) The superheating in this boundary layer
increases linearly with the distance to the
liquid-level surface, whence heat trans-
mission occurs by conduction only (justifi-
cation of Bo&njakovit’s second hypothesis).
This is analogous to the temperature drop
in the equivalent conduction layer at the
heating surface.

The thickness of the boundary layer
amounts to d = 3-2 x 10™* m for carbon-
tetrachloride at an evaporation rate per
unit area of surface « = 82 x 1073 kg/m?s
(corresponding with a heat flux density of

4

Carbaltetrachloride

~

* oy g

89, (°C)

f

vapour

liquid

[ A
L/
-
/
/

0 ——— .-.—._‘.J

1

~0-08 -004 0

004 008 012

distance to liquid (evel surface {(cm)

RG. 2. Carbontetrachloride. Vaporization at atmospheric pressure without
vapour formation at heating surface (region of convection of a boiling curve),

according to Priiger.

The evaporation rate at the liquid-level surface amounts to 82 x 1073
kg/m?s. The temperature distribution in the liquid boundary layer is linear
and is hence due to heat transmission by conduction only. Thermodynamic
equilibrium occurs at the liquid-vapour interface.

The dew point of vapour is the saturation temperature, the liquid is super-
heated, vapour and liquid temperatures outside the liquid boundary layer

are uniform.
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185 x 10* W/m?); d =66 x 107+ m for
water at a = 20 x 1072 kg:m?* s (046 x
10* W/m?).

(iii) A practically negligible temperature jump
occurs at the liquid—vapour boundary, viz.
of 103 degC for carbontetrachloride and
of 4 x 1072 degC for water (justification of
Bosnjakovi¢’s third hypothesis).

Apparently, this small temperature jump,
which is connected to the condensation
coefficient in the kinetic theory, suffices to
maintain the vaporization process. This co-
efficient is of the order of magnitude of 10~ 2
for water and approaches the value 1 for
nonpolar liquids as carbontetrachloride.

1.3. The Bo3njakovic¢ theory
Evaporation at the liquid—vapour interface
occurs on account of supply of heat from the
superheated liquid by conduction through the
boundary layer, i.e. the heat flux density equals:
@ Ab,
q= 5= al =k ik
One calculates from equation (1) a superheating
AB, = 32 degC for carbontetrachloride, since
k = 159 x 1072 W/mdegC at the atmospheric
boiling point T = 349-8°K, by substitution of
Priiger’s experimental values for d and o, of
Section 1.2.2. This is in good agreement with the
actually measured value (3-3 degC, in Fig. 2).
One has for a spherical vapour bubble with
A, = 4nR?:

(1

&% = PzR-
Hence:

. oT
d, = ple =k (E‘—)rzR = k—z

Equation (3) results in a bubble growth equation
by taking simply d, = (at) = (kt/p,c)}, ie.
proportional to the expression valid in case of
transient heat conduction for a homogeneous
semi-infinite body with a plane boundary. It
follows that

S. J. D. VAN STRALEN

R(t) = 2 % ABg(ar)t = 2 Jalar)t
2

= C, Ayt = C,tt, (@)
where the Jakob number is defined by
Ja =< A0, (5)
pal

R(0) = R, has been neglected, cf. Section 1.9.
Note that R ~ t*, which is characteristic for
diffusion in contradiction to R ~ t in equation
(8).

The growth factor C, determines actual
growth rates of vapour bubbles in boiling vessels.
The coefficient C, is more suitable for comparing
experimental results with theoretical predic-
tions due to its independence of Ay, at least for
asymptotic growth. Predictions of equation (4)
differ only slightly from those of the similar,
more exact equations (25) and (49) by Forster
and Zuber [8] and by Plesset and Zwick [9],
respectively.

It may be worth reporting, that (1) the thick-
ness d, of the boundary layer surrounding a
growing vapour bubble is assumed to be inde-
pendent of Af,; (2) d, increases linearly with t?,
ie. the ratio R/d, should be independent of ¢
and proportional to Ad,.

1.4. The Rayleigh equation of motion
A spherical cavity in a non-viscous incom-
pressible liquid with constant excess pressure
Ap = p(R) — po (6)
expands from an initial radius R, to R. The
energy equation yields in combination with
continuity [10]:

X

RZ 2
3p, | vV¥(r)anr? dr = 2mp, (—2— R) r2dr
R R r
) 3R2 — 4n 3 3
= 2npyR = ‘3_AP(R — Ry). (7)

Hence the cavity radius approaches a linear
increase with time for R — oo as then

3
R =~ (g—ég) t.
3p,

®)
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Differentiation of equation (7) with respect to
time and dividing by R?R yields Rayleigh’s
equation of motion:

RR‘+%R’-——9—‘” Q)
1
or
|« _Ap
2R2Rdt(R R?) = = (10)

For actual, viscous liquids, a dissipation term
4nR/p,R has to be added to the left-hand side
of equations (9} and (10). This term is neg-
lected in the following as the viscosity of many
liquids is small. Moreover, in case of asymptotic
bubble growth, R/R ~ 1(t—>0 as t— o, cf.
equation (24). '

1.5. The extended Rayleigh equation

It is shown here, that the expressions, which
are used by Forster and Zuber [8] on one hand
and by Plesset and Zwick [9] on the other hand,
and which may seem to be different at first
sight, are identical.

Forster and Zuber write for the extended
Rayleigh equation:

piRR+3R) = 4p 22, ()

because the liquid is inserting a pressure 2¢/R
due to surface tension inside the cavity. Thom-
son’s correction—(2¢/R)p,/(p, — p;) € 26/R at
low pressures—for the decrease of vapour
pressure at a concave liquid surface has been
neglected in the right-hand side of equation (11).

One has thus in combination with Section 1.6
(Fig. 3):

pi(RR+ 3R?) = {p(Tp) — p(T)}

R R, A4, R
_Bh-h z@~&
" Ry A8, R, R
_20ATY 2 R,
- R, Af, Eo— (1 - 7{_) 12
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Plesset and Zwick (Section 1.7) start from the
expression :

p(RR + 3R?) = p(R) — p,. (13)

Hence

. 2
p(RR+ 3R?) = {pv(TR) - f}
—2-0: 20' TR - 7‘6
R,

TR, A8,
i.e. equation (12) again.

- {pv(TG) -

26
R

1.6. The Forster-Zuber theory

A vapour bubble is a moving spherical heat
sink, which can be found by integration of a
moving instantaneous point sink [8]. The
temperature of the vapour in the bubble is
uniform due to its large thermal diffusivity and
equals T(R, 1) = Ti(t) as thermodynamic equi-
librium at the interface is postulated (Section 1.1).

The instantaneous superheating of the bubble
boundary amounts to:

ATi=TR, - T = —(T, — Ty) + Af,

= AT% + Ab,. (14)
Forster and Zuber [8] and Zwick [9, 11, 12]
showed that AT, — 0 as time t— co, so that
the vapour temperature approximates the dew
temperature (Figs. 3 and 4). This prediction is in
agreement with the experimental results of
Priiger (Section 1.2.2).

Forster and Zuber used the heat-conduction
equation and the heat balance (cf. Carslaw and
Jaeger [13]) to show that AT, can be approxi-
mated by

!
AT, = A8y — plgi i
* R(¢) dR(r)/dr
j—_me(tXt o dr. (9)
4}
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distance to bubble centre

FiG. 3. Temperature distribution near the boundary of a growing free vapour
bubble in a superheated pure liquid.
The extended Rayleigh equation is used to show that ATy — 0 (Forster and
Zuber) or AT} - — A0, (Plesset and Zwick) as R — oc. More exactly: AT, —
R,/Ct}, cf. equation (26)

°'°°Bf¥'7ﬁ T Twater 10 A solution of equation (15)
G 5 R(t) = C,t* (16)
3 . i
Eh P (where C, is a coefficient which depends on the
liquid superheating Af,) is found by the

0004 l—m \A 102 substitution
| ! t =zt 17
The integral in the right-hand side of equation

| <
\
0002 N—
(15) is transformed then into one with time-

I e - independent limits:
B S P 100

0 0510° w00t st 20w 25w ATy =T(R,t) — T = A8y — {Ty, — T(R, 1)}
1

F(s)

FiG. 4. Water. Initial growth of free vapour bubble at Af,

= 3 degC, according to Zwick (—) and to Forster and

_ . L )
— Af, plc(m)*mj;a 2,)"*dz,

Zuber (-——~~ ).

At atmospheric pressure Ry = 1'1 x 1075 m, and T = 0,1
T + ATy = 100 + 45 x 107%# (cf. caption of Fig. 3). =A0, - —2=C,.  (18)
Tr > T as t - co. The initial part of the growth curve p lc(na)

R ~ t* according to Forster and Zuber’s equation (23) . . cgep
tallies with Zwick’s curve by taking a heat source of suitable The followmg €xpression for the ethbnum

strength. radius (nucleus) has been used in equation (12):
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_ 20 AT,

T Ap A6,

Hence Ap(0) = 20/R,. The relation Ap(t)/Ap(())
= ATg(t)/Af, and a more practical expression :
_ 2T

o P21AB,

are following from equation (19) in combination
with the Clausius—Clapeyron equation :

(19)

(20)

Aplt) = 22 £E ATy (21)

1.6.1. Initial bubble growth. It is seen from
equation (12) in combination with the boundary
conditions R(0) = R, and R(0) = 0, that R(0)
= 0. This means that a vapour bubble with
radius Ry initially at rest will remain in unstable
equilibrium. Hence initial growth must be
started by introducing a constant heat source of
strength Q per unit volume and time, so that a
term Qt/p,c is added to the right-hand side of
equation (15) and a term (26/R, ABy) Qt/p,c to
the right-hand side of equation (12).

Initially, ATy = A6, and the hydrodynamic
equation of motion (12) is then simplified to

. ZGQ
RR+3R* = 22)
% pic Rvoo (
The required particular solution is:

[ 1660\, [ 8pd0\*,
R= (33p§cRvoo) ' _<33p§cT 53

i.e. the bubble starts from critical size with a
growth rate R proportional to t* (Fig. 4); the
initial growth is independent of the liquid
superheating A6, and the equilibrium radius
R, is proportional to 1/A6,.

1.6.2. Asymptotic bubble growth. Inserting
equations (14) and (18) into the equation of
motion (12) yields:

S ap2y 20
p1(RR+ 3R*) = ——_Ro Af,

X {ABO -

20

C,A8,
} - @

(ma)Ja
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The asymptotic isobaric bubble growth is no
longer governed by hydrodynamics, since both
RRand R? ~ 1/tand 1/R ~ 1/t > 0ast — co.
Already after a few milliseconds the remaining
time-independent superheating term in the
right-hand side of (24) is thus balanced by the
negative evaporation term. Hence :

R = nt Ja(at)t = C,tF = C, Abyt?, (25)

i.e. the bubble growth rate R is proportional to

A8, and to 1/t thus decreasing continuously.
Equation (12) is reduced to: AT — (Ro/R —

1) A8, which yields in combination with (14):

R,

ATR%—ABO—-)OaSR—bOO,

(26)

Hence, the vapour temperature approximates
the saturation value (Fig. 4).

ie. ast — o0.

1.7. The Plesset—Zwick theory
Plesset and Zwick [9] write for the extended
Rayleigh equation, cf. (10) and (12):

1 d
SRR G (R3R?) = B, AT%
20 ( Ro)
+ 1-—). 27
PiRo R
Apparently, the coefficient
20 1 pl
— 28)
' leO Aeo PxT (

The latent heat of vaporization is supplied to the
bubble boundary by thermal conduction
through a thin liquid layer adjacent to the
bubble [cf. Sections 1.1 and 1.2, especially
equation (1)] so that the heat inflow is:

aT d
2 _ Qs 3
P, = 4nR*k (a")r=x =% (3np,IR%)

= 4np,IR?*R.  (29)

The temperature at the bubble boundary (which
equals the uniform vapour temperature as a
consequence of the large thermal diffusivity of
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the vapour) is determined by the condition (29)
for the temperature gradient in the liquid at the
bubble boundary, in combination with the
following equation, cf. equation (14):

ATy =Ty — Ty = ATy — Aby =
1
aT
3 RZ(ZZ) (—>
— <E> or r=R(:2) de.
U3

t
(] R (s dzs
AT% =0 if theocooling effect of evaporation is
disregarded so that (27) is then simplified to
Rayleigh’s equation with the solution (8):

R = ( 4o )i = constant
3p1Ro .

Plesset and Zwick introduce the dimensionless
variables:

(30)

R 3
p= (E—) in place of R (31)

0,

t

B, jR“(zg,) dzyin place oft,  (32)

u=—=
Y
R

where the constant B, is defined as:

26 \*
B,=——}.
2 <P 1 Rg)

Equation (27) is then transformed to

1 d
g YY =1 — p ¥
6p,du{P(p)} 1—-p

(33)

- KSPI(ZO (u — z,)"*dz,, (34)
0
in which p' = dp/du and the dimensionless
parameter k is given by
. = Bipyl (a \t_ (2\¢ p3l3c?T *
" 3B,kRo\nB,)  \97) p(A8,)°k3c2(
(35)

The inverse transformations follow from (32)
and (33):

S.J. D. VAN STRALEN

R = Rop* (36)
1 u _s
= F {p(24)} dZ4. (37)
2
0
Hence
B,R
R==2=p%p (38)
and
AT B2R%k

Sp’(a) (= zy)"tdz,. (39)
0]

1

1.7.1. Asymptotic bubble growth. The behaviour
of the bubble for R/R, > 1, i.e. for large ¢, shall
now be considered. As the bubble grows, the
acceleration of the growth in the left-hand side
of equation (27) tends towards zero because of
the cooling effect. It therefore follows from
equation (34) that

[P~ z))"tdzy > k7! asu — oo.
0
(40)
The substitution
zy=¢u 41)
transforms the integral in (39) into
1
Tl G B o S L R SN
d¢
i}

The right-hand side of (42) is independent of
time, when

plu) = Byu?, (43)
where B; is a constant which is determined by
(42). The integral in the left-hand side of (42)
can be expressed in the beta-function B and
hence in the gamma-function I':

1
It Fl
jé—*(l — g tde = B = ‘;’m(l) —x

0

(44)
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so that By = 2/nk and

2
~ ‘}
pw) = —u asu — 0.
) nK

43)

Hence
B3R}

ATy - —

—Ab, ast — oo.

1

(46)

This is equivalent with ATy — 0 in the Forster—
Zuber theory, cf. (26), 1.e. the vapour temperature
approximates the saturation value.

From (36) and (45) it follows that

2\ ¥
R=R, <~) ut, 47)
K
and from (37) and (45) that
E %
ut >~ (&> (—2—) tt, (48)
3 K

The asymptotic approximation for the bubble
radius as t — oo follows from a substitution of
(48) in (47):

It &
~ = 4
R= (rc) pylat Aot
i t %
- (1_2> E01O pg oot = (1%) Jafary. (49)
n) " pal n

1.8. The Scriven theory

Scriven [14] extended the heat-conduction
equation for spherical symmetry to establish
the effect of radial convection resulting from
unequal phase densities:

oT R20T 0T 20T

The boundary conditions are T(co, t) = T, and
T(R, T) = T and the initial condition is T(r, 0)
= T,; R, t) = R and u(r, t) = eRR?/r? denote
the instantaneous radial velocity of liquid im-
mediately adjacent to the bubble boundary and
at greater distance from the bubble centre,

respectively. Note that the expression for the
velocity in equation (7) for isothermal bubble
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growth without mass transfer due to evapora-
tion is in agreement withg =1 — p,/p, = 1 as
p2=0.

Scriven assumed a solution T(r, t}) = T(s) on
dimensional grounds, with s independent of
time:

r = 2s(at)?, (51)

where s is independent of time, i.e. ds/0t = 0. At
the bubble boundary we denote s = #, Hence

R = 2B(at)* = C,tt. (52)

The arbitrary constants occurring in the two
successive integrations of the resulting ordinary
equation are determined by using the first
boundary condition and equation (29), which is
at t = 0 equivalent to the initial condition as
R(0) = 0. Differentiating T(s) partially with
respect to r and ¢ yields:

ar_oTer  orar
ds odtds  or s
or
or _dTos odTards = 0T or
ot dsor  orosor or Ot
with
s s 0% or a\* s?
-a—r—;,ai——o and E—S(;) -—2a—r—

Hence, the transformation of the partial deriva-
tives is then given by:

et

ot r’ ds

oT sdT

o rds [ 3
T _ () &T

orr ~ \r] ds*

The partial differential equation (50) is reduced
to an ordinary differential equation by substitu-
tion of (53). Since

R

S
— =265, (54)
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one finds thus:

%2;— =X—s—s"t+ef3s '2) a7 (55)
This equation can be integral immediately
(:i: As™2exp(—s? — 2371 (56)
The second integration yields
T(s) = Ty — 4, j 25" % exp (—z2
— 2ef%2z5 V) dzs.  (57)

Application of the heat flow equation (29), and
of the equations (53) and (54) yields:

A = ﬁ—zl?.m exp (f% + 2¢p). (58)
Pl
Hence
T =T, — %253 exp (8% + 852)5 z5?
1
exp(—z% — 2ef%2z5 ) dzs.  (59)

Equation (53) yields an expression governing
bubble growth by taking r = R and applying
the second boundary condition:

Ja =28 exp (B + 6% | z3°
8
2ef3z5 1) dzs = (e, f).  (60)

The numerical values of ®fg, ) have been
computed by Scriven [ 14] for constant values of
e. For f— w0, &g, o) = p/p,, when Af, =
l/c; this means, that evaporation of the entire
bulk of superheated liquid occurs instantan-
eously at this maximal superheating. This
follows also from equation (70) by taking
Gr=1.

The following approximations are of practical
interest for bubbles generated in nucleate
boiling, cf. Fig. 5:

{i) For released bubbles {(cf. Part II) at small
superheatings Af, of the bulk liquid: @(e, 0)

x exp(—z% —

S.J. D. VAN STRALEN

= 2f%, where

R = C,tt = (Ua)t (at)t = C(ABy)* 2.

(61)

(i) For bubbles generated at the relatively large

superheating 6, of the heating surface:

e, B) = (n/3)*B, provided p, < p, (at low
pressures), when

12\*
Rz “;z"‘ Ja (at)i = Cleot& == Czt*

(62)

ie. equation (49) again, with Plesset and
Zwick’s numerical constant (Section 1.7).
The approximation (62} is more accurate
than (61) for superheatings AG, = 0-25 degC.
(Figs. 5 and 6).

30 e
Water

% // ’/

10°C, =24 89, /
o~
47

A
é/

&‘é\ é’}((é/
% / Z

S qu‘cz -22 A9,
s

10C, (mfs*

2

m‘c2L ~10{a0"
v

10

"

4
7

0

0 02% 050 075 100 125

89, 0

F1G. 5. Water. Growth factor C, of equation {52) for free
vapour bubbles as a function of liquid superheating
according to Scriven’s equation (60).

The straight line C, = 24 x 10™* Af, was predicted by
Plesset and Zwick, equation (49), and is similar to Scriven’s
approximation for relatively large superheatings, equation
(62).

The initial part of Scriven’s curve can be approximated
by the parabola C, = 10 x 107* (A8}, equation (61).

(O experimental values determined by van Stralen, of.

Part 11
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Water - 1-butanol
b

100} ~——~—~ s it _CL-E‘A\} _________

Water (x,0) &y =Const. (8°%Y
107115 ! ‘

oo 075
075 — — 1_%: _____ A I L ._.l

10705260

- (89, 0%

050 ———j-————cz—c'—ﬂ" ———
025 R
oL |
0 0-25 050 07% 100 125

49, (C)

FiG. 6. Water-1-butanol. Exponent n in C, ~ (Afy) as a
function of superheating of bulk liquid, derived from
Scriven’s theory. The extreme values are n = 0-50, equations
(61) and (75), and n = 100 cf. equations (62) and (74);
n = 0-75 is the average value in the range of superheatings
occurring actually in the boiling vessel, cf. Part I1.

1.9. The Skinner—Bankoff theory

Recently, Skinner and Bankoff [15] extended
Scriven’s theory by studying bubble growth in
spherically symmetric temperature fields of
general variation, thus including both negative
superheating, i.e. subcooling (surface boiling)
and initially uniform superheating. In the latter
case equation (62) is reported for R(0) = 0. This
restriction of the previous theories is reasonably
allowed, because as early as R(t)/R(0) = 7, the
deviation of R(t) from equation (62) is dropped
to 2 per cent. This occurs as rapidly as within
3 x 10745, cf. Fig. 4.

2. BINARY MIXTURES

2.1. Survey

2.1.1. Introduction. Van Wijk, Vos and van
Stralen [16-18], Scriven [14], Bruijn [19], van
Stralen [20] and Skinner and Bankoff [21]
extended the theory to spherically symmetric
bubble growth in superheated binary mixtures.
The rate of bubble growth in a pure component
depends on heat flow towards the bubble
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boundary to satisfy the heat requirement of
evaporation. In mixtures, heat diffusion is linked
with mass diffusion of the more volatile com-
ponent, which is rapidly exhausted in the liquid
immediately adjacent to the bubble. A low
concentration or mass diffusivity of the more
volatile component results in a slowing down of
bubble growth as the mass diffusivity is an
order of magnitude smaller than the thermal
diffusivity.

The theories predict the occurrence of a
minimum growth rate of free bubbles (and
according to van Stralen [20, 22] also of a
minimum departure radius of bubbles generated
at a heating surface, cf. Fig. 3 of Part I of [22],
at a certain low concentration of the more
volatile component. This minimum has actually
been established experimentally, cf. Part II.

2.1.2. Recent developments. A striking pheno-
menon is the observed coincidence of a minimal
bubble growth rate (corresponding with a
maximal AT/G,, cf. equation (74), resulting in a
minimal heat transmission to individual bubbles)
and the occurrence of a maximal nucleate
boiling peak flux density at the same liquid
composition (Fig. 2 of Part I of [22]). Recently,
this “boiling paradox” has been explained by
van Stralen [22] by describing nucleate boiling
as a relaxation phenomenon concerning the
superheating and the excess enthalpy of the
equivalent conduction layer at the heating
surface. This boundary layer is pushed away
periodically from the wall due to the rapid
growth of succeeding bubbles on active nuclei.

The theory is based on the results of the
present study of bubble growth and on the
occurrence of rapid local temperature dips at
the contact area between heating surface and
boiling liquid, both in nucleate boiling and in
film boiling with partial liquid-wall contact.
The temperature fluctuations coincide with the
initial generation of bubbles on nearby nuclei
and have been observed by Moore and Mesler
[23], and by Madsen [24]. Different interpre-
tations of this phenomenon have created much
controversy about the understanding of the
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mechanism of nucleate boiling. Moore and
Mesler referred the fluctuations to the heating
surface and as a consequence stated the hypo-
thesis,thata verythin(order of magnitudeof 1 um)
liquid microlayer between a vapour bubble and
the heating surface exists and evaporates rapidly,
thus being responsible for the calculated very
high local heat fluxes during initial bubble
growth. Contrarily, Madsen and van Stralen
[22] showed the unnecessariness of this hypo-
thesis and assumed the existence of a l/cf, times
thicker liquid ‘‘relaxation microlayer” at the
bottom of the bubble (or surrounding a part of
the bubble interface, respectively), which is
heated periodically during the waiting time and
is cooled during bubble growth.

The theoretical background is justified by
high speed Schlieren motion pictures taken by
Béhar and Séméria [25] and more recently by
Bihr [26].

In principle, the new theory includes the
favourable effect on peak flux by any method
resulting in a diminished direct vapour forma-
tion at the heating surface, which corresponds
generally with an increased frequency of smaller
bubbles, e.g. surface boiling, vortex flow, the

AL ar

TloeTlxg )+ ATE G g€

g
p-]
s
)
S CA:BC-Gy (16
K
|
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use of high pressures and the application of an
electrostatic field.

2.2. The van Wijk-Vos—van Stralen theory

Essential is the prediction of the occurrence
of an increase AT in the dew temperature of
vapour with respect to the boiling temperature
of the original (bulk) liquid [16-18, 20, 22]. The
minimum ‘“‘effective superheating” At = Aé,
— AT in mixtures, which occurs at a low
concentration of the more volatile component,
results in a maximal slowing down of bubble
growth, cf. equations (4, 25, 49, 62). The original
theory is shown here to be equivalent in this
respect to the more recent Scriven and Bruijn
theories.

A simple graphical evaluation of AT/G, in
dependence on liquid composition from equi-
librium data follows from Fig. 7 and has been
discussed in Part II of [22].

2.3. Van Stralen’s modification [20] of the van
Wijk—Vos-van Stralen, Scriven and Bruijn
theories

2.3.1. Analogy between heat and mass diffusion.

The equations governing the concentration of

Y —»xy

Dew-point curve

,7 TN ‘I

/

Boiling-point curve

NP
N

Fic. 7. Equilibrium-diagram for a binary system with

minimum boiling point. From the material balance it

follows: 1/G4 = (y — x)/(xo — x). One has for small values

of G;: BP/CD = BA/CA, ie. BP = AT/G,, independent
of G, and of Ad,.
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the more volatile component are analogous to
those for the temperature, which is seen by
replacing T by x, a by D, A6, by x, — x, l/c by
y — x and B by uB = (a/D)*B, cf. equation (52).
For example, equation (29) is transformed into
equal rate of consumptia and flux of volatile
matter into the vapour space of the bubble:

0
pay — X)Rp = pyD (;)

It can be shown easily, that for relatively large
B, x{R,(t)} - x, ie. the concentration at the
bubble boundary approaches a constant value;
viz. the analogous equation following from
equation (18) in combination with equation (52)
is, if Forster and Zuber’s numerical constant n#
is replaced by Plesset and Zwick’s and Scriven’s
value (12/m)*:

X{Ru)} — x = (xo — x) —

(63)

[xo - x{Rm(t)}]

4
=t — %)~ 2 (%) P (64
whence, according to equation (68)
Rt} — x _ (7 pa B
Xo— X 3/ p1Gy
m*t up
=1- 65
() ey

It follows thus from equation (62) that for
relatively large superheatings both x{R,(t)}
= x and y = Kx are independent of ¢.

2.3.2. Bubble growth equation. In binary
mixtures, bubble growth is thus governed by
two equations, both originating from equation
(60), i.e. by the combination of a modified and
an analogous expression.

One hasnow: T, = T(x,) + A6y and T{R (1)}
= T(x) = T(y) = T(xo) + AT for equilibrium
evaporation (cf. Sections 1.1 and 1.6), whence
equation (60) is extended to

— A1: = &(g, ),
(66)

Jay =P A8, — AT) =
pal
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where Ja, is a new dimensionless group or
modified Jakob number for mixtures; according
to equation (69):

Cl m

=Ja =
Cl’p

6o
(pa/p1) {1/c + (a/DY AT/G,}
(67)
Ja, = Ja for pure liquids and azeotropic mix-

tures, as AT = 0 then, cf. also equation (74).
The analogous equation is given by

Jao =

G P1 Xe —
P2 P y =

The second new dimensionless group G, shall
be called the vaporized mass diffusion fraction
[20, 22] for individual bubbles. For relatively
large f (Section 1.8)it follows from equation (66) :

Cim
. )AOO,

1,p
(69)

= e pup).  (68)

AT = T(x) — T(x,) = (1

and from equation (62):

- ()

a0, = (%) 6x (70
cl,,l °=\p) *

where the third new dimensionless group G is
called the vaporized heat diffusion fraction
[20, 22]t. The ratio

AT _ Afy — (pallp,d) e, )
Gy (p2/p1) Be, up)
= (p2l/p1c) ¥l — p2/p1, Cz,m/2a*)
(p2/p1) A1 — pa/py, C2,m/2D*) ’
(71)

which is in the asymptotic approximaton
simplified to:

AT _ D\ (Crp |
G, \a/ c\Cin ’

according to equations (69) and (70). AT/G, is

(72)

T Both G}, and G}, refer to the same equivalent con-
duction layer d,, = (1:/3)* (at)* as then G§,= (4n/3)
p:RY/ATpydy R2 = (2/m) (c/l) A, and G}, = (Rn/R,) Gi.,

=1(Cy W/Cyp) @m) (/D Af,.
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thus independent of A#, This ratio can,
according to van Stralen [17, 22] be derived by
expanding AT in a Taylor series in x, — X or,
according to van Wijk and van Stralen [17, 18,
20, 22, 27] be evaluated graphically (in depend-
ence on composition) from equilibrium data
(Fig. 7), as

AT dT

dT
~ — xo{K(x) — 1} (E;) (73)

=xp

is independent of G, and A#,, and of x for
relatively small values of G,.

The minimum value of the bubble growth
constant C, ,, in mixtures can thus easily be
derived by substituting the obtained AT/G,
in equation (72).

The asymptotic bubble growth equation (62)
is for binary mixtures extended to:

R, = (Ey Jaglat)t = <I—2~>%
7 n

ar

* (palpy) e + @/DR AT/G,}
= Cl,m AHO [* = C2,m t*.

Af, t*
(74)

It is shown explicitly, that a minimal R,, for free
or released bubbles in mixtures is corresponding
to a maximal ratio AT/G,, cf. also Fig. 25 of
Part II, where the theoretical curves for the
system water—1-butanol have been derived from
the exact equation (71). The experimental values
of C,,,, for released bubbles, which have been
evaluated from high-speed motion pictures, are
in quantitative agreement with the theoretical
predictions (Part II).

The growth equation (61) for very small super-
heatings is extended to (Figs. 5 and 6):

R, = (2Jao)? (ar?

2a e
= [(pz/pl) {{/c + (a/D)* AT /Gd}] (AGp) tt
= CL.nAB) 2. (75)
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2.4. The Bruijn theory

It will be shown here, that Bruijn’s theory is
identical with the special case of Scriven’s theory,
which is obtained for ¢ = 0, i.e. in case of equal
densities of vapour and liquid. This means, that
the radial convection in the liquid near the
bubble has been neglected and that the theory
is actually only exactly valid at high pressures
approximating the critical.

In spite of this deficiency, the ratio of the
growth coefficients C, ,/C, , differs for the
system water—1-butanol at atmospheric pressure
only slightly from Scriven's values. Apparently,
the effect of the radial convection on the con-
centration of the minimal bubble growth rate in
binary systems is only slight. Bruijn’s tempera-
ture (and analogously for mass diffusion) equa-
tion is:

A 2
T(s) =T, — 2—:6_5 + Azjexp(—zﬁ)dzs,

s

(76)

where A, is a constant of integration, the value
of which is determined by taking s = §:

l
A, = £2—4/32 exp p2
pic

1

(77)
Hence

pzl €Xp ('— ﬂz)
A0 = 1 —_ 1 - 463 BZ _

- Sexp(—zﬁ)dzs}
B

= gz—i{Zﬁz — 4p3 exp B2 jexp (—2%) dzs}.
1

(78)

One has, on the other hand by taking ¢ = 0 in
equation (60):

l [o¢]
80y = 22 2 exp | s erp (2D
1
B

(79)
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Partial integration of the integral in the right-
hand side of equation (79) yields:

! exp (—B?) 239

B )

B
x exp(—z¥dzs.  (80)
Finally, substitution of (80) in (79) gives (78).

2.5. The Skinner—Bankoff theory

Skinner and Bankoff [21, 15] extended
Scriven’s theory for initially uniformly super-
heated and homogeneous binary mixtures to
arbitrary spherically symmetric initial condi-
tions. Recently, Yatabe and Westwater [28] have
shown, that the numerical solutions for ethylene-
glycol-water (a non-azeotropic system, where

zZexp(—z%)dzs =
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water is the more volatile component) are almost
identical to those of Scriven. This is apparently
due to the property of the mass diffusion
equation, which is analogous to the heat
diffusion equation (50), that the concentration
gradient at the bubble boundary and thus R,,
cf. equation (63), are mainly governed by the
nearby concentrations.

2.6. The van Stralen extension to dilute salt
solutions

An elevation of boiling point occurs in binary
systems with a nonvolatile component, which is
proportional to its concentration; e.g. an
accumulation of salt can appear in the liquid
layer adjacent to the boundary of a steam
bubble; the corresponding boiling point is

VAPOUR superheated liquid
(dew-point curve)
A T
AT =49%-A€ LlQuip |
7(0) + R P sl St bl (boiling-point curve)
]
STO+89 AE=E4-€, E @
o |
BT (O+Eg tY - —--—> €
£ Eo ! | nonvolatile
e €0 i
) |
I
T© — % 5
N = fraction of solute
: P ~
| | ~
Lo =~ ~
T(y)*Aﬂo'--— -—== -"{—*-——————-~——\— VAPOUR —~~———~———-—- +
: sm.:perheated liquid (dew-point curve)
ATALIE N S— T ~_
: AT =49 -4T N
T)=TY)4-—-~--—- N e e >T'
AT=T (x) =T (xg) @
T(XO) PoT T L1guID i more volatile
(boiling-point curve)

FiG. 8. Temperature-composition diagrams for binary systems with a more volatile com-
ponent, 2, cf. Fig. 7, and a nonvolatile component, 3, e.g. dilute salt solution.

In the latter case K = y/x = 0, and the dew point of vapour or the boiling point of liquid
at the bubble boundary is increased with an amount ¢,, the boiling point of bulk liquid

with ey < g,; Ae = &; — &

Bubble growth is slowed down as the effective superheating At = A8, — Ag < Af,.
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F1G. 9. Temperature and composition as a function of distance to bubble
centre (cf. Figs. 7 and 8). R = radius of free vapour bubble, d = thick-
ness of liquid boundary layer.
(D Pure, less volatile component; @ binary system with more
volatile component; (3 binary system with nonvolatile component.
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increased by an amount ¢;, which exceeds the
elevation g, in the bulk liquid with an amount
(Fig. 8):

Aﬁ = & — &g (81)

The “effective superheating™ (Section 2.2), ie.
the difference in temperature between the
superheated bulk liquid and the dew point of
vapour equals now:
At = (T + Aby + g) — (T + &) = Afy — Ac.
(82)

Consequently, a slowing down of bubble growth
rates is also predicted in this case. The occurr-
ence of a decreasing bubble size in coincidence
with an increasing peak flux density in nucleate
boiling has actually been observed by Samuel
[29]. It follows by taking y = 0 in equation (68),
that 0 < G, = 1 — x¢/x, where x > X, in this
case, i.e. the mass diffusion of the nonvolatile
component has been reversed in comparison
with the behaviour of a more volatile com-
ponent, and is directed now from the bubble
boundary away to the surrounding liquid
(removal of salt instead of supply towards the
interface).

The asymptotic bubble growth equation (74)
is now replaced by:

o () e
"= \n/ (p2/py) {I/c + (a/D) Ae/G,}
=C mAbott.  (83)

In Fig. 9, the temperature and mass fraction vs.
distance to the bubble centre diagram is shown
both for binary systems with a more volatile
and a nonvolatile component.
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Résumé-—On passe en revue les théories concernant la croissance 4 symétrie sphérique de bulles libres
dans des liquides purs surchauffés initialement de fagon uniforme. La base physique du modéle de
Bo¥njakovi€ est exposée A partir des expériences de Jakob et Fritz, donnant la distribution de température
dans les liguides en ébullition, et par Heydrich et Priiger, montrant que 1'équilibre thermodynamique
existe 3 Iinterface vapeur-liquide pendant I’évaporation en régime permanent de liquides surchauffés

sans ébullition,

En accord avec Forster et Zuber, et avec Plesset et Zwick, la croissance des bulles dans un liquide par
surchauffé suivant I’équation dynamique de Rayleigh du mouvement isotherme [R = (2Ap/3p )}t pour
une cavité sphérique qui se dilate avec une pression différentielle constante Ap] est ralentie par la diffusion
de la chaleur vers la frontiére de la bulle pour satisfaire la condition de chaleur latente de évaporation.
Pour une croissance asymptotique (R, = ¢, ,A8,t%), la dynamique des bulles et I’influence de la viscosité
sont négligeables puisque Ap — 0 lorsque t — oo {croissance isobare). L’équilibre thermodynamique 4 la
frontitre de la bulle obéit & I’équation généralisée de Rayleigh en accord avec les résultats de Priiger.

Dans les mélanges binaires surchauffés, la croissance de la bulle est diminuée davantage 3 cause de la
diffusion massique analogue du composant le plus volatil en accord avec van Wijk, Vos et van Stralen,
avec Scriven, Bruijn, van Stralen et Skinner et avec Bankoff. La modification de van Stralen montre
I’équivalence théorique des diverses théories. La température du point de rosée de la vapeur est augmentée
d’une quantité AT par rapport 4 la température d’ébullition du liquide original. En conséquence, ’existence
d’une vitesse minimale de croissance de bulle (correspondant) une valeur maximale AT/G,) est prévue
pour une certaine concentration faible, du composant plus volatif. Ceci conduit au “paradoxe de

I’ébullition”, qui peut étre expliqué par la théorie de la “microcouche de relaxation” de van Stralen.

Zusammenfassung—FEs wird ein Uberblick iiber die Theorien gegeben, die das kugelsymmetrische
Wachstum von freien Blasen in anfangs gleichmiissig Giberhitzten reinen Fliissigkeiten betreffen. Die
physikalische Grundlage des Bo¥njakovi¢-Modells wird auf Grund von Versuchen von Jakob und Fritz,
die die Temperaturverteilung in siedenden Fliissigkeiten angeben, und von Heidrich und Priger, dic
zeigen, dass bei stationdrer Verdampfung diberhitzter Fliissigkeiten ohne Blasenbildung an der Dampf-
Fliissigkeitsgrenzfliche thermodynamisches Gleichgewicht herrscht, entwickelt.

Nach Forster und Zuber, sowic Plesset und Zwick wird das Blasenwachstum in einer iiberhitzten
reinen Fliissigkeit, wie es sich aus der Rayleigh’schen Bewegungsleichung fiir isotherme Bewegung ergibt
{R = (2Ap/3p )t fiir eine wachsende kugelfsrmige Blase mit konstantem Uberdruck Ap] durch den
Wiirmetransport zur Blasengrenzfliche, der zur Deckung des Bedarfs an latenter Verdampfungswirme
notwendig ist, verlangsamt. Filr asymptotisches Wachstum (R, = C, ,A.t?) sind Blasendynamik und
Einfluss von ZZhigkeit und Oberflichenspannung vernachliissigbar, da Ap — 0 bei t — co (isobares
Wachstum). Thermodynamisches Gleichgewicht an der Blasengrenzfliche folgt aus der erweiterten
Rayleigh-Gleichung in Ubereinstimmung mit Priiger’s Ergebnissen.

In {iberhitzten biniren Gemischen wird das Blasenwachstum nach van Wijk, Vos und van Stralen,
Scriven, Bruijin, van Stralen und Skinner und Bankoff wegen der analogen Diffusion der fliichtigeren
Komponente weiter verzogert. van Stralen’s Modifikation zeigt die physikalische Aquivalenz der ver-
schiedenen Theorien. Die Taupunktstemperatur des Dampfes wird um den Betrag AT gegeniiber der
Siedetemperatur der urspriinglichen Fliissigkeit erhoht. Als Folge davon wird das Auftreten einer mini-
malen Wachstumsgeschwindigkeit (entsprechend einem maximalen AT/G,) bei einer bestimmten geringen
Konzentration der flichtigeren Komponente, vorausgesagt. Das fiihrt zum “Siede-Paradoxon”, das

durch van Stralen’s “Relaxationsmikroschicht”-Theorie erklart werden kann.
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Annoramua—[laeTcs 00630p TeoperHieckmx paGor 0 cdepHueCKH CHMMETDPMYHOM poOCTe
CBOGOIHHX NYy3HpPHKOB B NEPBOHAYAJIBHO PABHOMEPHO Iieperperolf umcroit mpnocru. B
ocHOBY ¢uaudeckoft Momesm BommakoBHYa 1nosoxeHH sxcnepnMentn fIko6a m @purna mo
pPacHpeiesieHMI0 TEMIIEPATYPH KUNsAMel KUIKOCTH, A TakmKe sKcnepnmmentH lelipuxa u
Iiplorepa, KOTOpHeE NMOKABHBAIOT, YTO HA IPaHMANe pasjela ¢as Map—HHIKOCTL BO BpeMA
CTALMOHAPHOTO HCTIAPEHUA NeperpeTolt KUAKOCTLIO 663 KUIMEHUA CYMEeCTBYeT TEPMOTHHAMA-
HecKOe paBHOBeCHe.

Coraacno Qocrepy u 3ybGepy, a Tarme IInecce n IBuky, poct mySHpPbLKOB B Ieperperoi
YUCTOM KHAKOCTH, KAK CIEAYyeT N3 NUHAMMYECKOTO YPABHEHHA MBOTEPMUYECKOTO KBHIKEHHSA
Pexea [R = (2A/3p;)}t naa pacumpsomeites cepndeckolt MOJOCTA C MOCTOAHHHM H3GH-
TOYHHM NaBiueHueM Ap), saMenuserca auddysueit Temna, HaMPaBIeHHO! K IPAHALE ITy3HpPh-
KOB, IJIA TOTO YTOGH yAOBIETBOPHTHL TPEOOBAHUIO CKPHTON TemIoTH napoobpasosanus. [pu
acuMnToTAYeCKOM pocte (Rp = Ci,pAlott) munaMuKol mySHPHKOB U BIMAHMEM BSBKOCTH M
NOBEPXHOCTHOTO HATHHEHMA MOMKHO mNpeHeGpeuh, T.K. Ap — 0 npu ¢ — © (nsoGaphuit
pocr). 13 o6o6mennoro ypaBuennsa Penea B coorsercTBuMh ¢ faHHEMH IIpiorepa cuemyer,
4TO HA IIOBEPXHOCTH MYBHPBLKOB MMeeT MeCTO TepMOAMHAMMYECKOe PABHOBECHE.

Cornaco paboram Bau-Buitka, Boca u Ban-llltpanena, Bpiouitna, Ban-IlItpanera u
Crunuepa, a Takme Banxkofia, B meperpeTHx OHMHAPHHX CMECAX POCT NMYSHPLKOB OCIa-
GiaercAa Takske Onarogapa Auddysaun MaccH Goxee Jeryynmx KoMNoHeHToB. Mommduxaims
Ban-lllTpanena ykasuBaeT Ha (uauueckoe nojo6ue pasnnynHx reopmit. Touka pocm pua
napa yBeJMYHMBAETCA HA BeaAWYMHY AT 1O OTHOIIEHHIO K TeMOepaType KUIeHMA HepBo-
HAYAILHOR KUAKOCTH. B pesyinpTaTe MHHHMAJBHYI0 CKODOCTh POCTA IIYSHPBLKOB (COOTBET-
CTBYIOIIYI0 MaKCHMaJdbHOMY OTHOWEHMIO AT/Ga) MOKHO paccuMTaTh TpM OmpefeseHHON
HHMBKOI KOHIeHTpaumu 6ojiee JeTy4ero KOMIOHEHTA. OTO IPUBOJIUT K «IAPANIOKCY KMIIGHHSA »,
KOTOPHH MOKHO OGBACHUTL coryacHo Teopwn Bawm-IlITpasmena 0 «pejlaxkcauu¥ MUKDPOCIOA ».
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